A,
2 & = Universiteit Utrecht

N

DEPARTMENT OF MATHEMATICS

BACHELOR THESIS

Ordinals, Cardinals

& Numerosities

Author: Supervisor:
Eric Faber (3365026) Dr. Jaap van Oosten

July 22, 2011



Abstract

The concept of a numerosity of a set tends to provide a natural notion of size
on infinite sets. For example, it should preserve the ordering by strict inclusion.
Cardinal numbers do certainly not satisfy this property.

By defining a numerosity function as a function on sets that preserves this
ordering, and having values, called the numerosities, endowed with the structure
of a semi-ring, one can prove that the existence of such a function depends on
certain types of ultrafilters.

A numerosity function can be defined on a class of countable labelled sets
provided a Ramsey ultrafilter on the set of natural numbers exists. Further-
more, this function can be exploited to prove the existence of a nonstandard
universe, which provides applications for the notion of a numerosity in nonstan-
dard analysis.

On arbitrary sets of ordinals, existence of a less constrained numerosity
function can be proved as well, albeit much harder and less elegant than in the
countable case.
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Chapter 1

Introduction

In set theory, mathematicians have always been interested in finding a good
measure of the size of sets. Probably the reader is already familiar with the
concept of cardinality, which gives a notion of size based on one-to-one corre-
spondence between sets. However, the behavior of infinite sets with respect to
cardinality is far from intuitive. The challenge is to extend the idea of measur-
ing a finite set to infinite sets as naturally as possible, i.e. with as many “finite”
properties as possible.

For instance, a basic requirement would be that proper subsets of a set are
strictly smaller than their majorant. Adopting the terminology of [2], this will
be called the Aristotelian property, referring to Aristotle’s principle “the whole
is more than the sum of its parts”. Obviously cardinality is non-aristotelian.
However, cardinality has the Cantor property of measuring the size of sets,
namely that two sets between which there is a one-to-one correspondence, are
equally large.

The two properties described above are widely known to be incompatible.
But omitting the Cantor property and imposing extra arithmetical conditions
give rise to the notion of a numerosity [1], which seems a natural extension of
“counting” finite sets.

Chapter 2 is devoted to the notions of ordinal and cardinal numbers. These
notions give an insight in what kind of behaviour is to expect from infinite sets.
Mostly this is far from a “finite” behaviour, but there are interesting results.

Then chapter 3 starts by assuming a numerosity function on the class of
countable labelled sets. It is defined as an Aristotelian notion of size. In the
case of countable sets, this definition leads in a very natural way to a proof
that the set of numerosities is a set of hyperintegers, so it is basically a set
of integers, but it contains infinite elements. So a notion of size that behaves
like a finite notion of size, leads to infinite integers that behave like finite ones.
A numerosity function can then be used to define a nonstandard universe, a
mathematical construction that justifies the theory of nonstandard analysis,
which is a very interesting consequence.

At last, chapter 4 makes an attempt to extend this notion of size to arbitrary
sets of ordinals. The result is here basically the same, although the proofs are
less elegant and insightful. However, this chapter shows many of the unusual
properties of ordinals, and poses conditions that make set operations on ordinals
easier.



Overall, this thesis provides an introduction in the theory of ordinal and
cardinal numbers, and shows their mathematical importance by explaining the
new concept of a numerosity. Some concepts are explained in the appendix, the
assumed knowledge is only a little model theory and basic set theory.



Chapter 2

Ordinal and Cardinal

numbers

In this chapter two main concepts for measuring the size of sets are briefly
introduced, as the idea of a numerosity makes use of these concepts. Some
techniques in the proofs may be used later on, so this chapter forms a strong
basis for the main subject. The parts on ordinal and cardinal arithmetic are
predominantly used in chapter 4.

Most of the proofs in this chapter are adopted from [5] and [4], and slightly
extended.

2.1 Ordinals

Ordinals can be most intuitively viewed as the concept of counting elements
extended to the infinite. It is founded in the idea of a transitive set, which will
be defined first.

Definition 2.1.1. A set A is called transitive if for all a € A, we have a c A.
An interesting property of transitive sets is the following;:

Proposition 2.1.2. Let a be a transitive set. Then for A = au {a}, A is
transitive.

Proof. Let x € A be arbitrary. If x € a, then x c a (a is transitive), hence x c A.
If = a, obviously x c A O

With these notions in mind, an ordinal number can be defined:

Definition 2.1.3. An ordinal, or ordinal number is a transitive set well-
ordered by the (strict) order “”.

The smallest transitive set is the empty set @, which is by definition also an
ordinal (the smallest ordinal, as will become clear). From proposition 2.1.2 and
the definition of an ordinal follows that for o an ordinal, « U {a} is an ordinal
as well. This leads to the first arithmetical property of ordinals, the existence
of a successor.
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Definition 2.1.4. For o an ordinal, the successor of o, S(a) or a+1 is
defined as: S(a) = au{a}

From the ordinal @, the finite ordinals S(@), S(S(@)),S(S(S(2)),... or:

{2}, {2,{2}}.{2,{2}.{2.{2}}},...

are in fact a set-theoretical foundation of the natural numbers 1,2,3,.... The
relation of elementhood “€” can also be used to compare ordinals themselves.
With this relation, the successor S(«) is the smallest ordinal bigger than «, so
the name “successor” is appropriate.

Notice each element of these finite ordinals is an ordinal itself. This holds in
general: Let o be an ordinal, and 8 € a. Suppose v € 8. Then § € y implies 0 € 53,
as « is well-ordered by €. So v c (3, therefore § is transitive and well-ordered
by the restricted order, hence [ is an ordinal. In fact, any ordinal contains
precisely all smaller ordinals.

The following proposition states more basic properties of ordinals:

Proposition 2.1.5. (i) For a ¢ § both ordinals, a € B (ii) For o # § ordinals,
aef orpBea.

Proof. (i) B is an ordinal, so let v be the smallest element of 8\ a. Then for
any d € v, we must have d € o, hence 7 € a. « is an ordinal, so any § € « is
one as well. As § and 7 are both in 3, We have y € d or v =9 or § € 7. By
definition v ¢ «, so the first two options cannot happen, because then v € c «
or v =6 €a. Hence § €7, so a € v, hence it follows o =y € S3.

(ii) Let v =an 8. Then ~ is an ordinal. Suppose v # « and « # 3. Then, by
(i), v € « and v € § hence v € 7, a contradiction. So v =« or v = 3, hence a c
or S c a. Applying (i) once more finishes the proof. O

The following corollary is a very nice property of ordinals, and will be very
useful:

Corollary 2.1.6. For W a set of ordinals, a supremum and infimum is defined:
oc=UW=supW, t=NW =inf W.

Proof. By the previous proposition, ¢ and ¢ are both transitive, and each el-
ement is an ordinal. Furthermore, if for an ordinal «, o ¢ o, then forall
BeW:a¢ B, sothen a = supW or supW € a. Hence o contains precisely
all ordinals smaller than sup W. It follows o = sup W.

For ¢, similar considerations prove ¢ = inf W. O

An important theorem about ordinals is the following;:

Theorem 2.1.7. FEvery well-ordered set < W, R > is isomorphic to a unique
ordinal number.

Proof. For W(z) = {y € W]yRz} an initial segment of W, define F(z) = a if
W(z) 2 « for an ordinal a. If v exists, it is unique, as no well-order can be
isomorphic to an initial segment of itself, especially ordinals cannot (composition
of the isomorphisms would yield this result). For each x € W, such F(z) exists,
otherwise consider the least element zy such that W (xg) is not isomorphic to
an ordinal. Then & = Uypyy zez, F (2) is the least ordinal bigger than F(z) for
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all zRxg, so F(xg) = a would then extend F appropriately to an isomorphism
F:W(xo) — «, a contradiction. So F(x) exists for all x € W.

Let now be v = U, F(x) = sup, F(x). Then W 2 ~, the isomorphism is given
by F. O

This theorem presents us with a notion of size for well-ordered sets. For a
well-order (W, R), the corresponding ordinal according to the previous theorem
is called the order type of the well-order, or type(W, R).

It is important to remark that the class Ord of all ordinals is not a set,
otherwise sup Ord would be a proper ordinal, and its successor would not be in
Ord. By proposition 2.1.5, Ord is linearly ordered by “€”. In the following, for
ordinals «, 3, by a < 8 is meant « € 8, and « < 3 is the relaxed version of this,
so in that case it means € 3 or a = 3

Ordinals have arithmetical properties, to which the next section is devoted.

2.1.1 Ordinal arithmetic

A limit ordinal is an ordinal that is not a successor of another ordinal. For
example, let Wg, be the set of finite ordinals, then w = sup Wyx, = Uiy, is a
limit ordinal, in this case it is the first infinite ordinal, isomorphic to (N, <).
With n € w is often meant n € N. Finite ordinals satisfy the same arithmetical
properties as natural numbers (as will become clear), so there’s no harm in this
ambiguity.

Transfinite induction is an important tool in proving statements about or-
dinals, therefore it will be stated here in terms of ordinals:

Definition 2.1.8. For W a class of ordinals, suppose the following holds:
(i) 0eW
(i1) W is closed under the successor function S
(iii) for o a limit ordinal, if B < o implies B € W, then ace W.
Then W =0rd.
For nondecreasing sequences (ag, ¢ < (), there is a notion of a limit:

Definition 2.1.9. Let (a¢, & < ) be a nondecreasing sequence, then:

limage = supa,
§—0 ¢ £<6 ¢

With these tools, addition, multiplication and exponentiation of ordinals can
be defined inductively. In the following definitions, the parts (i), (ii) and (iii)
refer to the corresponding parts of definition 2.1.8 that is used to define the
operation.

Definition 2.1.10 (Addition). (i) a+0=«
(1)) a+S(B)=S(a+B)=a+p+1

(tii) For B+ 0 a limit ordinal, o+ 3 =lime,ga+§
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With this definition, it follows immediately that addition is not commutative:

1+w:%im(1+§):w¢w+1:wU{w}

Definition 2.1.11 (Multiplication). (i) a-0=0
(i) a-S(B)=a-(B+1)=a B+«
(t1t) For $#0 a limit ordinal, o~ f =limega-§
Multiplication is also noncommutative:

Q'w:%im(Qf):wiw'2:w~(1+1):w+w:%im(w+§)

Exponentiation is defined in the following manner:
Definition 2.1.12 (Exponentiation). (i) o® =1
(i) a®PB) =Pt = af .o
(iii) For B #0 a limit ordinal, o =lime_ 5 a®
The following may confuse the less experienced reader:
2¢ = lim 2% =sup2” = w
E-w n<N

The ordinal number 2“ must not be confused with the cardinal number
2% = Ry # Rg = w. In fact, w® = Ry is the first uncountable ordinal. In the next
section there will be more about cardinal numbers.

There is also an explicit (i.e. non-recursive) statement for addition and
multiplication, that will be needed later on. The definition is equivalent, which
will not be proven here, but it is done by induction.

Definition 2.1.13 (Addition, Multiplication).
(i) a+ B =type(ax {0} u B x {1}, R) where R is defined as follows:

(§,0)R(1,0) <= £<n<a
(& DR(1) — E<n<p
(§0)R(n,1) <= £<an<f

(ii) - B = type(B x o, R) where R is defined by lexicographical order on 8 x «:
EMRE ) = (E<)v(E=&)r(n<n))

There are some more arithmetical properties of ordinal numbers, that are
actually very similar to those of integers. Associativity of addition and multi-
plication follows by induction in a trivial way. In the same way it follows that
addition, multiplication of ordinals > 0, exponentiation of ordinals > 1 are all
order-preserving. The following lemma will be useful in proving an interesting
theorem on ordinals:

Lemma 2.1.14 (Difference and division of ordinals). (i) For«, 8 ordinals, with
a < (B, there exists a unique 6 € Ord such that o+ 9 = 5.
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(ii) For o, (B arbitrary ordinals with o > 0, there exist unique v, p such that
p<aand B=a-v+p.

Proof. (i) Let 6 = type(€ : @ < € < B,<). Notice 8 = type(¢ : £ < 3,<), and
a = type(€ : € < a,<). According to definition 2.1.13 it is easily seen that
B=a+d.

(ii) let v = sup{e : @-€ < f}. By (i), it follows -y < B, and again by (i)
there exists p such that 8=a-v+p. If p> a, then a- (v +1) < 3, which
contradicts the choice of 7. So p < a.

O

The important result is now the following theorem:

Theorem 2.1.15 (Cantor’s normal form). For every ordinal « there exists
ordinals o > a1 > ag > -+ > ay,, and natural numbers (i.e. finite ordinals)
hi,...,hy, such that:

a=why +- +why

This representation, called the normal form of «, is unique.

Proof. The proof is by induction on a. For a = 1, obviously a = w”-1. Trivially,
the set of ordinals for which such a unique representation exists is closed under
succession. Suppose « is a limit element, and the theorem holds for all 8 < a.
Let a be the greatest ordinal such that w®' < . Then, by lemma 2.1.14, there
exists 7, p such that a = w™* -v+ p and p < w*. Observe v must be finite, or
else w < 7, so then w™*! = W~ < o which contradicts the choice of a;. By
hypothesis, a unique representation for p exists, and by the division lemma the
found representation for « is unique as well. O

The previous theorem makes arithmetic with ordinals a lot easier. An inter-
esting phenomenon is that of absorption, examples of this have been discussed
earlier:

2-w=w
24w=w

The 2 is “absorbed” by the much larger ordinal “w”. Because “w” is the first
infinite ordinal, it is easy to see when absorption occurs in these examples. By
Cantor’s normal form theorem, these examples can be generalized to all ordinals
in a simple way. Suppose that a = w™ hy +---+w* hy,, =Wk +---+ WPk,

Then: .
a-f= Z
i=1

Notice that 8; > 0 for 1 < j <m, so absorption of the integers h; occurs:

wai hiwﬁf k‘j

M3

J=1

-1 . . )
a-f =¥, Z;-"zll WP kj + P wY hwPmk,,
=Y S w ik 4 T w hiw ke,

Now the exponent terms oy + 5; might be reduced as well, and in this way
the product o - 8 can be written in normal form in a recursive manner. This
method is useful when looking for ordinals with certain absorption properties.
For example, what will be useful later on is an ordinal # that satisfies the
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property that « -+~ < 6, whenever «, 3,7 < 6. Such ordinals will be called
arithmetically closed, or atoms, as in [2].

Such an ordinal should be necessarily of the form 6 = w¢, for ¢ an ordinal > 0
(otherwise 6 is a sum of two smaller terms already!). Furthermore, observe that
for the highest exponents a1, 87 of the normal forms of a, 5, one must have:

O[1+51<£

Because @ is of the form w®, it is clear that aq,31 < & for o, 3 < 6. For the
above to hold, notice & should be of the form w¢, for ¢ > 0, by the exact same
argument as before. In fact, the smallest atom is given by 6 = w?’ = w. Indeed,
for every o, B,y <w, a-f+7y<w.

In general, the above shows that every atom is of the form 6 = w“’c, for ¢ > 0.

2.2 Cardinals

Cardinality is one of the concepts Georg Cantor, the inventor of set theory, is
most famous for. This section is mostly devoted to rephrase some important
concepts for use later on. Most of the ideas are assumed familiar to the reader
though, so the proofs, if stated, will be concise.

In the first place, cardinality is thought of as an equivalence relation on
sets. For A, B sets, we say |A| = |B| if and only if there exists a bijective
function f : A - B. Among the widely known examples of this relation are
IN| = |Z| = |Q| # |R|. One writes |A| <|B| if there is an injective map f: A - B,
and |A| < |BJ if |A] < |B| but not |A| = |B|. One of the most important theorems
involving this relation is the following, which will be stated without proof:

Theorem 2.2.1 (Schréoder-Cantor-Bernstein). Let A, B be sets. If |A| < |B| and
|B| > |A|, then |A| =|B|.

A definition of |A| itself can be given in terms of ordinals.

Definition 2.2.2. The cardinality |A| is the least ordinal o such that |a) = |Al.
Hence assuming AC (the Aziom of Choice), |A| is defined for every A, as any
well-order is isomorphic to a unique ordinal number (by theorem 2.1.7), so there
is at least one such bijection. An ordinal number « is a cardinal number if
and only if |a| = a.

All finite ordinals are cardinals, as is the least infinite ordinal number R = w.
For o a cardinal, a successor cardinal a* is defined as the least cardinal > a. A
cardinal x is a limit cardinal if it is not a successor cardinal, so there is no «
such that x = a®. A general notion is the aleph number:

Definition 2.2.3 (Aleph number). The aleph numbers R, are defined induc-
tively as:

(Z) Ro=w
(ZZ) Ryl = Ra+

(iii) For k a limit ordinal, R, = sup {Rq|a < Kk}

10
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It is easy to check that the class of aleph numbers is precisely the class of
infinite cardinals (assuming one can well-order any set), ordered by their ordinal
index.

As is well known,|2%| = |2(X)| > | X], for any set X; this can be shown by a
diagonal argument. For the aleph numbers, we therefore have 2% = | 2(R,)| 2
Rq41 (recall the ambiguity in notation). Cantor initially speculated 280 = R;.
This is known as the continuum hypothesis, shortened as CH. The conjecture
that 2% = R, for all « is known as the generalized continuum hypothesis, or
GCH.

Cardinal arithmetic should be distinguished from ordinal arithmetic. I'll
use the same symbols for multiplication and addition, as it should be clear
from the context what kind of multiplication is meant. The same holds for
exponentiation.

Definition 2.2.4. Let s, A be cardinals. Define addition, multiplication and
exponentiation on cardinals as:

k+A={kx {0 ulx{1}}

K-A=|kx A

A =PRl={fe P(kxN):f:\=k a function}|
It follows immediately from definition 2.1.13 that both + and - are commutative.

Note that for any finite n, a function in "k is just a tuple (p1,...,un) with
i €k. So K" =K-K----K (n times).

With the newly defined notation, notice Rg- Ry = Rg, a result that should be
familiar. This result can be generalized, and what is needed is a well-ordering
< on the class Ord x Ord. Define < on Ord x Ord as follows:

max{c, 8} < max{vy,d} or
(o, 8) < (v,0) < max{a, S} =max{v,6} and a <y or
max{ca, B} =max{y,0} , =y and §<¢

For any «, notice that for the initial segment defined by (0, a) holds:
{(7,0) € Ord x Ord : (7,8) < (0,a)} =ax a.
Also, for any «, 3, it holds for the initial segment defined by («, 8):
{(7,0) € Ord x Ord : (v,6) < (e, B)} € (max{a, 8} + 1) x (max{«, 8} +1).
Consider the following lemma:
Lemma 2.2.5. For k an infinite cardinal, K-k = K.

Proof. Notice this holds for the smallest infinite cardinal w = Rg. The rest of the
proof is by induction. Let < be the well-ordering on Ord x Ord defined above.
For any o < k |ax a = |a|-|a| < k by induction hypothesis, and also for finite a.
With this, and the above, we can estimate the cardinality of the initial segment
of any («, 8) € k x k, ordered by «:

{(7,8) : (7,0) < (e, B)}] < [(max{a, B} +1) x (max{e, B} + 1) < &

The latter follows because any infinite cardinal is a limit ordinal: |[A+1] = |1+ =
|| for any ordinal A. So type(r x k) < k. Therefore | x k| < k (there exists an
injection i: kK x K > K). So k- k = k for all infinite &, by induction. O

11
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An important consequence is the following theorem, which will be the most
important result here.

Theorem 2.2.6. Let R,,Rg be aleph numbers. Then:
Rq + R = Ry - Rg = max{Rq, Ra}
Proof. The product follows from:
max{Rq, Rz} < Ry - Rg < max{R,, Rz} -max{R,, Rz} = max{R,,Rg}
The sum follows from:
max{Ra,, Rz} <Ry +Rg <R, - Rg
O

Under AC any infinite cardinal is an aleph, so the above holds for any two
infinite cardinals.

A cardinal k is called regular if for any ordinal u < k, and every map f: u — Kk
we have sup {f(v)|v € u} < k.

For example, the ordinal 1 = RRN(W ) is not regular: define f:w — 1 as
F(0) = R (i vimeny» then sup {f(v)|v €w} = 2. The cardinal Ry is regular, as
any finite sequence has a finite upper bound. Also R is regular, for it is the
first uncountable cardinal. Indeed, let © < Ry be arbitrary, and f: p - Ry an
arbitrary function, then:

sup {f(V)v e p} = U{f(W)lv € u}

The latter yields a countable union of countable sets, so the result is still count-
able.

An important remark is that the latter only holds by assuming the axiom
of choice. This holds for many properties of cardinal numbers, especially arith-
metical properties. The following lemma has as consequence that any R,.1 is
regular:

Lemma 2.2.7. For S a set, |US|<|S|-sup{|X|: X € S}.

Proof. Let k =|S| and p = sup{|X|: X € S}. Notice p is a cardinal, for else
if there is a bijection f : p - « for some « < pu, then there is X € S such
that « < |X| < u, so then the restriction f : |X| - « gives |X| < o which is a
contradiction.

There is a bijection between x and S, so the elements of S can be written
as X, for a < k, for unique a. For any such X,, let jq = |X,| < p. By the same
argument, the elements of X, can be denoted as z, 3 for 8 < po. Note AC is
used in this step, as for any X, one has to choose such a representation. Thus
the map 4.~ (o, 8), for a < K, 8 < p is an injection U.S - k x u, hence:

US| <|kxpl=r-pu=|S| sup{|X|: X € S}
O

If any successor aleph R, 1 is not regular, then it is the union of at most R,
sets with cardinality R, (taking the supremum as union). From the lemma, it
follows that then R,41 < R, - R, = R, which is contradictory.

12



Chapter 3

Numerosities

This chapter introduces a the notion of a numerosity of a labelled set. First
only countable sets are considered, for uncountable sets the situation is more
involved. That case will be treated in chapter 4. Most definitions and theorems
are given as in [1], the proofs are extended versions of the proofs stated there.

3.1 From finite approximations to numerosities

For countable sets, the key idea of assigning numerosities to sets is to approxi-
mate this set by finite sets. This is done by first labelling the set appropriately:

Definition 3.1.1. A labelled set A is a set A together with a map £4: A - N
such that for all i € N, [(}(i)| <w. The set A is called the domain of A. The
class of labelled sets is denoted by L.

In analogy with [1], a labelled set is printed in bold face, while its domain
is denoted by the same symbol in normal face. For a labelled set A, a finite
approzimation is given by the sequence A; = {a € Alls(a) < i}. That is, a
labelled set A can be “approximated” by the sets Agc A1 €...CA; ...

s

A=JA;

0

~.
I

The finite cardinalities |A4;| of these sets can be thought of as an approxi-
mating sequence of the actual numerosity n(A) of the set A.

Now the class of labelled sets can be provided with some arithmetic on
labelled sets:

Definition 3.1.2. A® B is a labelled set defined by the disjoint sum Aw B and
the labelling function Lawp, defined as:

La(z) ifreA
g"‘w(”j):{ zﬁ(@ ifreB

A OB is a labelled set defined by the cartesian product Ax B and the labelling
Sfunction Laxp:

Caxp(z,y) = max{la(),(p(y)}

13
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Note that [(A ® B);| = |4;| + |B;| and |(A © B);| = |Ai| - |Bi|- A numerosity
function on labelled sets is now defined as follows:

Definition 3.1.3. A numerosity function is a surjective map n:.L - N,
where A is a linearly ordered set of numerosities. It has the following prop-
erties:

(i) VieN:|A;| <|B;| implies n(A) < n(B).

(i) The difference principle: & <n(A) if and only if € = n(B) for some B c A.
With the latter is meant Bc A and g =L 4|p.

(#ii) Forn(A)=n(A’") and n(B) = n(B’) holds: The sum principle: n(A @ B) =
n(A’@®B’) and the cartesian product principle: n(A @ B) =n(A’ ® B')

The aristotelian property, as explained in the introduction, is satisfied here,
it follows directly from the “if” part of property (ii). That is precisely the part
that the notion of cardinality does not satisfy.

The set A4 remains a bit vague here. It will be proven later that it can be
seen as a set of “hypernatural numbers”, which is basically a model of natural
numbers containing non-standard elements. This is one of the implications of
the very “natural” properties that are postulated in the definition of n.

Another thing that is important to keep in mind is that the numerosity of
a set A depends on the chosen labelling 4. There’s a need for some sort of
“canonical” labelling for all sets, which is another discussion. For subsets of N,
however, a canonical labelling is obvious, just let this be the identity function.

Some basis properties of numerosities become clear in the following propo-
sition:

Proposition 3.1.4. (i) A" has a least element that we call 0 = n(B), for @
the empty labelled set.

(ii) All labelled singletons have numerosity 1.

(i4i) For any numerosity, we have a successor: for & = n(A), let £+ 1 =
n(Ae{y}), where {y} € £ is an arbitrary (labelled) singleton. Also,
for A + @&, n(A) has a predecessor.

(iv) For A a finite labelled set, n(A) = |A]

Proof.

(i) This follows from the difference principle, as there are no proper subsets of
the empty set

(ii) Suppose this is not the case. Then there are two labelled singletons {y} and
{z}, such that n({z}) <n({y}). Then, again by the difference principle, there is
a proper subset A c {y} such that n(A) =n({z}). But the only proper subset of
a singleton is the empty set, hence n(A) = n({z}) = 0, which is a contradiction
(we must have n(@) < n({z})). The only smaller numerosity is 0, so we let
n({z}) =1, for any labelled singleton.

(iii) Assume that for a labelled set A, there is a numerosity £ smaller than the
numerosity of the successor A & {y}, so n(A) < £ < n(A®{y}). Then, by
the difference principle, there exists B ¢ E ¢ A® {y} with n(E) = £, and
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n(B) =n(A). Choose z € Z\ B, and let {x} be the corresponding labelled
singleton. Then, by the sum property, and the above, n (B ® {x}) =n(A & {y}).

But by the definition of {x} and ®, [(B ® {z}).| < |(Z),]| for all n, so, by
property (i): n(B@® {x}) <n(E) <n(A®{y}), a contradiction.

Let A +# @&, and a € A arbitrary. Let {a} be a the labelled singleton with
labelling function £;,y(a) = £4(a). Then for all n, |(A~ {a} ® {a})n| < |Ay| and
[An| <[(AN{a}@{a})nl, son(A) =n(A~{a}@{a})=n(A{a})+1,s0n(A)
has a predecessor.

(iv) By induction: For A = {a} a singleton, n (A) =1 =|A4|. For A a labelled set
with |A| = n, by the above A has a predecessor A \ {a}, with |[A\ {a}|=n -1,
son(A~{a})=n-1, by hypothesis. Then n(A)=n-1+1=n. O

In the proof of the preceding proposition, the difference principle of the
defined numerosity function is heavily used. The consistency of this property
will be proven for countable sets. In general, this is yet in question.

3.2 The structure of A

From proposition 3.1.4 it follows that .#” can be thought of as having the natural
numbers N as a proper initial segment. The structure of A4 is even very much
alike.

From property (iii) of definition 3.1.3, it follows that it makes sense to write
n(AeB)=n(A)+n(B)andn(A®B)=n(A)-n(B). So .4 is endowed with
a sum and product operation, in the same way as N is.

The natural numbers N, endowed with the sum and product operations, form
a structure that is called a positive semi-ring with 0 and 1. It is a semi-ring
because it satisfies all axioms of a ring, except for the existence of an additive
inverse. It is called positive because it is commutative, partially ordered by <,
and it satisfies x <y if and only if there is a unique z € N such that x + z = y.

In the following it will be proven that the set of numerosities .4, with the
just defined sum and product, has the same structure. This can be done easily
by first defining the principle of isomorphic labelled sets:

Definition 3.2.1. Two labelled sets A and B are called isomorphic if there
exists a bijective ¢ : A - B such that Lgo¢ = L4. If this is the case, write A = B.

From this definition, the following is almost immediate:
Proposition 3.2.2. (i) A2 B iff Vn:|A,| = |B,|
(it) If A =B, then n(A) =n(B)
(i) AzA" and BB’ gives AeB=2A’eB and AoB=zA'6oB’

Proof. (i) “=7: Let ¢ : A —» B be an isomorphism. Then £go¢ =£4. So
|An| = |{a € A:la(a) <n}| ={ae A:¥lpogp(a) <n}|=|{beB:
lpog(7' (b)) <n}|={be B:Lp(b) <n}|=|B,|
“<=”: Assume |A,| = |B,|. Choose for each n € N a bijection ¢, : A, - By,
and let ¢ : A - B be defined by:

¢(a) = dr,(a)(a)

Then ¢ is an appropriate isomorphism.
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(ii) Assume A = B. From the above, it follows |A,| < |B,| and |B,| < |4,
Then by definition 3.1.3(i) it follows n (A) =n (B).

(iii) Let ¢ : A > A" and ¢ : B - B’ be isomorphisms of labelled sets. Then
define y: A®@ B—> A" ® B’ as:

[ ¢(x) ifazeA
X(m)_{d}(aj) ifzeB

Then x gives the isomorphism A @ B 2 A’ @ B’, by definition 3.1.2. Define
n:AoB - A’e B asn(a,b) = (¢(a),y(b)). Now n gives the isomorphism
AoB=zA'oB'.

O

With this notion of isomorphic labelled sets, the following proposition is
easily proved:

Proposition 3.2.3. The set of numerosities A4 endowed with + and - is a
positive semi-ring with 0 and 1.

Proof. In the proof, all ring operations are checked for the labelled set operations
® and ©, and then proposition 3.2.2 transfers the isomorphic sets to equal
numerosities.

First observe that Ae@=2® A~ A (as gw A = A), and for a singleton
{y}, {y}0oA=A0o{y}z A, with the trivial projection on A as isomorphism.
Son(@)=0and n({y})=1serve as 0 and 1.

Commutativity holds: AeB2B@® A and A®B 2B o A for obvious rea-
sons.

Associativity follows easily, as A® (B C) 2 (A@B) ® C is trivial from
the definition, asis A@ (Bo®C) 2 (A®B)oC, for Ax(BxC)=(AxB)xC
and for (x,y,2) €e Ax BxC:

max{max(£a(x),f5(y)),Lc(2)} = max{la(z),max({p(y),lc(2))}

Distributivity follows in the same way: A® (B C)z (Ao B)a (Ao C),
and commutativity was already verified.

For n(A) <n(B), let A’ c B such that n(A’) =n(A). Then if C=B~\ A’
(possibly empty) it is obvious that A’® C 2 B, thusn(A)+n(C)=n(A&C) =
n(A’eC)=n(B).

Also, for D a labelled set, A’/e6D c BeD, and A’9D c BeD. So it
follows that

n(A)+n(D)=n(AeD)=n(A’®#D)<n(BoD)=n(B)+n(D)

and n(A) - n(D) =n(AeD) =n(A’eD) <n(BoeD) =n(B) -n(D). So
positivity follows. O

So the numerosities .4 behave very much like natural numbers, although

the set is strictly bigger, and seems to contain “infinite” elements. So what is
N7
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3.3 A nonstandard universe

Before a sensible answer to the question “what is .#?” can be given, a brief in-
troduction of what is called a nonstandard universe is needed. The introduction
below is based on the introduction to nonstandard analysis in [7] and [3].

From model theory, it is known by the Léwenheim-Skolem theorems that for
any consistent theorem in a certain language, there is always a strictly “bigger”
model. Applied to the case of Peano arithmetic, for example, which is a set of
axioms designed to describe the natural numbers N, this yields a model with a
cardinality strictly bigger than that of N itself.

This is a nice result, but it doesn’t tell much about that strictly bigger model,
except that one can do Peano arithmetic in the same way as with the natural
numbers. It is therefore desirable to do more with these numbers, for example
to make statements about all functions on these numbers, or even analytical
statements, and be able to tell whether these statements hold as well in the
“bigger” model.

There is an elegant solution for this, and here is where the language of set
theory L. = {e} comes in. We’d like to have a model of set theory (ZFC)
that satisfies certain statements of first order logic in that language. These
statements are in principle statements about sets, but by constructing the model
appropriately, the meaning of such a statement is a higher order statements
about analysis, for example about differentiability or continuity.

Assume this is the goal in the case of one-dimensional real analysis. Then
the model should contain R, these are the simplest elements of the model from
which everything else is constructed. These elements are called the urelements.
Suppose one wants to make statements about functions f : R - R. Functions
are essentially sets (subsets of the cartesian product R x R). In the language of
set theory an element (z,y) € R x R is given by the set {z,{z,y}} ¢ 2(Z(R)).
So for the model to contain all functions, it suffices for the model to contain
23(R). In order to make statements about differentiability, it has to contain a
topology, which is an element of 22%(IR). This way analytical properties can be
expressed entirely in the language of set theory, so all that has been proven for
first order logic, can be used in the case of these models of set theory.

There is a general procedure for this construction. One wants to have a
very large set, called a superstructure, constructed from a base set Xy. This set
has to be structured in a way such that the language L. = {€} of set theory is
enough to make statements about higher order mathematics, such as analysis.
This superstructure, constructed from a base set X, is denoted by #(Xp). In
the example above, the base set is R. The elements of Xy should certainly be
elements of ¥ (Xj).

Now the definition of the superstructure ¥ (Xg) has to be made more precise.

Definition 3.3.1 (Superstructure). For Xy the base set, define by induction:

Xni1 = 2(1J X3)
k=0

Here & denotes the powerset. Then the superstructure ¥ (Xo) is defined as:

s

7(Xo) = U Xk

k=0
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3.3. A nonstandard universe

The set ¥ (Xo) is the limit, for n - oo of the n—th superstructure approzimation
Vi(Xo) defined as:

Vo (Xo) = U Xi
k=0

Note that every element (urelement) of the base set X, is contained in
¥ (Xo). The set elements of ¥ (Xg) are called entities, adopting the terminology
from [7].

There are a few properties of ¥ (X() that are worth mentioning, as they give
this superstructure enough sets to talk about higher order mathematics, such as
continuous functions, differentiability, etcetera. They are stated in the following
proposition. Like above, with (21, z2) is meant the ordered tuple {{x},{z,y}},
and by induction (z1,...,2,) = ((x1,...,Zn-1), 2, ). The cartesian product of
n sets is defined as the set of all such n-tuples.

Proposition 3.3.2. For ¥ (Xy) a superstructure with base set Xo, any x1,. ..z, €
YV (Xo), and entities u,v € ¥ (Xo):

(i) {21,..., 20} € ¥ (Xo)
(ii) (z1,...,2,) € ¥ (Xo)
(iii) For all wcu, we ¥ (Xo)
(iv) uxve¥(Xo)

(v) P (u) € V(Xo)

Proof. (i) For some k, z; € X, for all 1 <i <n. Then {z1,...2,} € Z(X}) c
Xi+1 € ¥(Xo). (i) For any x,y € ¥ (Xo), z,y € X, for some k. Then (x,y) =
Hz},{z,y}} € P(P(Xy)) ¢ Xpy2 ¢ ¥(Xo). By induction, this holds for
all n-tuples. (iii) v € X} for some k. Then u ¢ Xj_1 so w ¢ Xg_1. Then
we P(Xp-1) c X c ¥ (Xo). (iv) For some k e N, u,v e X uxv={(z,y)|re
u,y v} c{(z,y)|z,y € Xp-1} ¢ P(Xg+1) by (i). So then uxv € Z(P(Xy11)) €
Xi+s € ¥(Xo). (v) ue Xg, s0uc Xi_q,so0for all w cu, wc Xi_1, hence w € Xj.
Then it follows & (u) ={wcu} c P(X) c Xg1 ¢ ¥ (Xo). O

Remark that #(Xj) is transitive set. From the above, it follows that ¥'(Xy)
is closed under basic analytical and topological constructions on the base set.
For example, if Xy =R is used as a based set, it is possible that one could make
statements such as:

d(f,a)=(Ve>0)F0>0:V(x1,...,2,) € Bs(a), f(x1,...,2,) € Bc(f(a))

This statement expresses continuity of f in the point a in the language of set
theory. Note that all used sets, such as functions, open balls in R™, are all
contained in the superstructure R. So ¢(f,a) is expressible entirely in the
language of set theory.

The goal is now to be able to have another superstructure ¥'(Yy) which is
bigger than ¥ (Xy), and a bounded elementary embedding * : ¥ (Xo) = ¥ (Yp).
A bounded elementary embedding is an embedding in the usual sense, so it
induces an isomorphism ¥ (Xy) 2 Im, (¥ (Xo)) between its domain and image.
It differs from an elementary embedding in the fact that it transfers only bounded
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Lc-sentences. A bounded L. sentence is a sentence ¢ whose quantifiers always
quantify over a set. These quantifiers are called bounded quantifiers and are
always of the form (Vx €y)... or (3z €y)..., which is short for (Vx)z ey — ...
or (3z)x €y A ... respectively.

For instance, ¢(f,a) is in fact a bounded sentence, because with Ve > 0 is
meant Ve € R.o, and in the same way every quantifier is bounded. This property
must therefore, under a bounded elementary embedding =, also hold in ¥ (Yp),
that is:

V(Xo) E ¢(f,a) = V(Yo) = o("f,"a)

In short, = satisfies the Leibniz’ transfer principle:

Definition 3.3.3 (Leibniz’ transfer principle). For ¥ (Xo) and ¥ (Yy) Le-
models, a map * : ¥ (Xo) - ¥ (Yo) satisfies the Leibniz transfer principle
if it is an Le-embedding and for every bounded Le-formula ¥[&1,...,&,], and
1,y Tn € V(Xo) holds: V' (Xo) E[x1,...,x,] <= YV (Yo) E[*x1,. .., %2n].
Such a * is called a bounded elementary embedding.

To avoid ambiguity in the following definition, the image of a set A € ¥ (Xy)
under * will always be denoted as Im, (A), like is done in the case above. The
image of an element A € ¥ (Xp) (which might be an internal set) under * is
denoted as *A. In this notation, Im,(A) = {*a : a € A} # *A for arbitrary
Ace Ai/(Xo)

Now the following defines a nonstandard universe:

Definition 3.3.4. By a nonstandard universe is meant a triple (¥ (Xo), ¥ (Yo), *)
such that:

(i) = : ¥V (Xo) > ¥ (Yo) satisfies the Leibniz’ transfer principle, i.e. it is a
bounded elementary embedding.

(it) *Xo=Yo

(iii) For every infinite subset U c Xo, the set Im,(U) is a proper subset of *U.
A setY € ¥ (Yy) is called internal if there is a set X € ¥ (Xo) such that
Ye*X.

If these three properties are satisfied, * is called a non-standard embedding.

It should be clear that this result is only useful if many properties are ex-
pressible using bounded L.-sentences. That is the case, examples can be found
in [3].

The following definition gives rise to a certain type of non-standard embed-
dings:

Definition 3.3.5. A family of sets % is said to have the finite intersection
property if for every finite subfamily %' ¢ % holds n%' + @.

Definition 3.3.6. Let (¥ (Xy),? (Yo),*) be a non-standard universe. If for
every countable family % of internal sets with finite intersection property holds
that n% + @, * is called w-saturated.

The question that now arises is: Under what conditions do nonstandard
universes exist? In the following section, it will be proven that existence of a
numerosity function provides a nonstandard universe (¥ (N), ¥ (.4"), *), where
* is an w—saturated nonstandard embedding.
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3.4 From numerosities to hyperintegers

The approximating sequences n — |A,| for labelled sets A can be identified with
the set % of nondecreasing sequences in N:

F={¢peNi<j = ¢ <¢;}

Every approximating sequence (|A,|)nen is indeed a nondecreasing sequence
in N. Furthermore, for ¢ € .%, define by induction:

A(b,O:{O?lu"wd)O_l}
Apn=1{0,1,..., ¢y —Pp1 -1} forn>1

Where if ¢, — pp-1 =1 <0, Ay, = @. Then let Ay be the labelled set with
Ap = gAsn, and L4, (a) =i <= a € Ag;. Observe ¢ is the approximating
sequence of Ay:

[(Ag)nl = Ha € Aglla,(a) <njl=[Ujoo Ag k| = o + kZ(dm = fr-1) = bn
=1

Remark the difference in notation: Ay, is the set defined above, (Ag),, is the
n—th finite approximation of Ay.

From the above it follows, by inclusion in both directions, % is the set of all
approximating sequences of labelled sets. With the canonical sum and product
operations (¢ @)y = Vpn - dn, (U +@)n = Yy + dp, and ordering ¢ < ¢ < Vn:
Yn < G, (F,+,-,<) is a partially ordered semi-ring, as is .4". It is not positive
though:

for ¢, = 1,99 =0and ¥, =1Vn>1:
1) < ¢ but there is no y € % such that ¥ + x = ¢

The following lemma, however, proves a homomorphism between the two semi-
rings.

Lemma 3.4.1. The map p: F - A given by p(¢) =n(Ay), with A, defined
by the construction above, is a homomorphism of partially ordered semi-rings.

Proof. Define a bijection f: Ay w Ay - Ag.yp by choosing bijections f,, : Agn w
Ay = Apirypn and defining f(a) = fr(a) = a€ Ay, v Ay . Each bijection
exists, as [Apn W Ay n| = [Aprp.n| = On +Un — dn1 —p_1. From the definition it
immediately follows that f induces an isomorphism of labelled sets Ay @ Ay =
Ages. S0 pl6+1) =1 (Agey) =1 (Ap @ Ay) =1 (Ay) +1(Ay) = p() + p(t):

In the same way, because Ay x Ay = Wy Ay n x W2 Ay p =W Ay p X Ay
(just rearrange the elements),the set of g, : Ag n X Ay.n = Agp.y,n Provides the
bijections to produce an isomorphism Ay ® Ay 2 Ay, which gives p(¢- 1)) =
1 (Apg) =1 (As 0 Ay) =1 (Ag) 1 (Ay) = p(0) - p(1).

Finally, ¢ <9 = Vn:|[Apns| < |Apn] = Yn:|[(Ap)n| < |(Ap)n] =
p(¢) =n(Ay) <n(Ay) = p(¢) by definition 3.1.3(i). O

The construction of the intended embedding * : ¥ (N) - ¥ (.4") is very much
like the common ultrapower construction found in literature. At this point, it
is namely possible to define a set 4l ¢ &(N) using p, which will be proven to be
an ultrafilter on N.
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Proposition 3.4.2. Let 4= {{n: ¢, = Yp}tb,d € F with p(¢) = p(v))}. Then
the following holds:

(Z) D:{n:¢n:'¢)n}eu g P(¢):P(¢)
(i) D,E el implies DN E €4l

(111) D el < D°¢4l.

(i) If D el and E > D, then E €l

(v) If D is finite, then D ¢ 4.

In [1], elements of 4 are called qualified sets. The proposition can be proven
with the following, very useful lemma:

Lemma 3.4.3. (i) @ ¢4l

(ii) Let 9p € F be the function such that:

Jn if neD
Up(n) = { n+1 otherwise

Then D e U iff p(¥p) = p(1n) = «, where 1y is the identity on N:n —n

Proof. (i) We have to prove that if Vn : ¢, # ¥y, then p(¢) # p(¢p). For such

¢,1, we have for all n:

(an - %)2 > 0
Gp+tn > 20a1n
¢n + by > 2¢pthn +1

From the last line follows p(¢)? + p(10)? > 2p(¢)p(¥) + 1, so p(#) # p(2)).

It is obvious that if p(d9p) = p(ly), then by definition {n : ¥p(n) =
In(n)} = D e 4. For the converse, assume that D € i is of the form
D ={n:¢, =1,} for ¢,1 nondecreasing with p(¢) = p(v).

Define ¢ = ¢ + 1,1 = ¢ + 1y. Then D = {n : ¢, = ¥, } with ¢, strictly
increasing and p(¢) = p(1).

Now let 7 = ¢ +9p — 1. Then 7, = ¢,, if n € D, 7, = ¢, + 1 otherwise.
Then for all n we have 7,, # ¥, + 1, so p(7) # p(¥ + 1) = p(¥) + 1, by (i).
We now have:

Pp<T<Pp+1

p(¢) < p(1) < p(¢) +1=p(¥) + Lbut p(7) # p(tp) + 1 so:
p(¥) = p(d) <p(1) <p(ih) +1

p(9) = p(7) = p(¢) + p(Ip) - p(1n)

p(¥p) = p(1n)

The proof of proposition 3.4.2 follows:
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Proof. (i) “«<” is by definition. For “=", assume D = {n : ¢, = ¥} € L.
With the notation of lemma 3.4.3, observe:

| (n+ 1) +nthy = (n+ 1)y + gy if n e D
(¢1N+¢+1/1’L9D)n _{(n+1)¢n+(n+1)¢n1fn¢l)
:(w'1N+w+¢'ﬁD)n
¢ In+d+1p-dp =Y-Iy+y+¢-Up

Applying p to the above, using lemma 3.4.3(ii) then yields:

p(9) - p(In) + p(@) + p(¥) - p(Ip) = p(¥) - p(In) + p(¥) + p(¢) - p(VD)
p(o+v)-a+p(9) =p(p+1)-a+p(y)
p(9) = p(v)

Where « = p(1y).
(ii) Note that, if D, E € sl

p(Vp-95) = p(Vp) - p(VE) = p(1n)* = p(n ~ n?)

So this implies {n : Ip(n)-9g(n) = n?} € 4, but this set is precisely the
set of n such that 9p(n) =¥g(n) =n, i.e. the set DN E.

(iii) “=" follows immediately, as if D¢ € 4, then from property (ii) above we
have D¢n D = & € 1 which contradicts lemma 3.4.3(i).

”

For “«<”, note ¥p + ¥pe = 1y + Iy + 1. Remark that 1y < ¥9pe < Iy +
1. By Assumption, and lemma 3.4.3, p(Jdpc) # p(ly). So, p being a
homomorphism of partially ordered semi-rings, it follows:

p(1n) <p(Ipe) < p(ly) +1

So p(¥pe) = p(1y) + 1. Therefore it must hold that p(dp) = p(1x), hence
D el

(iv) If E ¢ 4L, then by the above E° € 4, hence 45 D n E¢ = &, this contradicts
lemma 3.4.3(i).

(v) Let D c N be finite, i.e. D = {iy,... i} with i; < -+ < i, and assume
D € 31. The goal is to find approximating sequences ¢, such that D =
{n: ¢, =1,}, and arrive at a contradiction. Define the labelled sets A, B
as follows:

A={0,1,...,k} £4(0)=0,04(j)=4;+1for1<j<k
B={1,2,....k} (p(j)=4i;

And let ¢, = |An|,%n = |By| be the approximating sequences. Observe for

all j:
gy =1+ (G -1) =
|Bi,| = j
And for all i; < <4j41:
|Aif =5 +1
|Bi| = j
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While for [ < iy : |4y = 1,|B)| =0, and for [ >4y : |4 =k +1,|B)| = k. It
follows that D = {n: ¢, =, }, but p(¢) =n(A)=k+1xk=n(B) = p(v).
This contradicts property (i).

O

The wltrafilter properties of i follow immediately from the previous propo-
sition and lemma. So, in the notation of appendix A.1.1, what is proven so far
is that the set of numerosities .4 is contained in an ultraproduct of N:

N ={p(P)l¢peF}={peF}/Uc l;[N

The following proposition even leads to equality of the above:

Proposition 3.4.4. For every ¢ : N - N, there is a D € i such that ¢|p is
nondecreasing.

Proof. We have to prove that for any such ¢ there must be a i € % such that
D={n:v, = ¢,} €l Let now ¢: N - N be arbitrary.

Define 7,x € # by 7(n+1) = x(n) = e, ¢n. First remark that ¢ = x — 7.
Notice 7 < x, so p(7) < p(x), hence there exists A ¢ B such that:

p(7) =n(A) <n(B) = p(x)

Let C = B\ A the labelled set (with the restricted labelling from B), and let
¥y, = |Cy| be the approximating sequence. Then:

p(¥+7)=p(¥) +p(1) =n(C) +n(A) =n(B) = p(x)

So by property (i) of proposition 3.4.2 it follows D = {n : ¢, + 7, = xn} = {n:
Yy = ¢n} € 4, which was to be proven. |

This leads to the following corollary:

Corollary 3.4.5. With i as in proposition 3.4.2, we have:
A =T]N
s(

This actually gives an insightful view of what an ultrapower of a “standard”
base set looks like, in a semantic way. In this case, the ultrapower construction
extends the natural numbers to a set of numerosities, that have a “meaning”
themselves (that is, sizes of labelled sets).

The propositions above are of great importance for the next proposition. By
themselves, they again show the very natural behaviour of numerosities. The
above ultraproduct can already be seen as a bigger (non-standard) model N, as
is argued in the appendix. But there is more, the goal was to transfer bounded
Le-sentences from the superstructure ¥ (N) to ¥ (.#"). That will be done using
one more proposition, but first I introduce some notation.

Using definition 3.3.1, define .%,, = {$|¢ : N - V,,(N)}. These sets form an
increasing chain:

yoCyl Cygc...
Define Foo = U Fp = {¢: ¢ : N > Vi (N) for some k}.
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With the tools above, the goal is to extend p: % — A4 to a map p: Fo —
¥ (A). This map can be easily used to define the nonstandard embedding
*: YV (N) > ¥ (AN).

To improve readability, we introduce the following relations for ¢, € Fs:
d=y v if{n:o,=1v,}ell ¢pegif {n:¢, e} €l Note that “=y” is an
equivalence relation. Denote by ¢A € F., the constant sequence “A(n) = A, for
A a set. The following proposition gives the definition of p:

Proposition 3.4.6. There exists a unique map p: Foo — ¥ (N) such that:
(i) For all o€ F, p(¢) = p($)

(i) p(°2) = @

(iii) p(¢) =p(v) = d=u?

(iv) p(¢) €p(¥) = deu?

Proof. For ¢ =y °@, let p(¢) = @.

For ¢ € Foo, ¢ %4 °D, the proof is by induction on k = min{h : ¢ €y °V},(N)}.
So first assume k = 0, that is ¢ € °N. Then, by proposition 3.4.4, there exists
¢' € F such that ¢ =y ¢'. Now define p(¢) = p(¢'). This way properties (i)-(iii)
follow immediately for k = 0.

For k > 0, note that x €y ¢ implies x €y “Vi-1(N). Then define p(¢) =
{p(x)|x €y ¥} inductively. Now only properties (iii) and (iv) and uniqueness
are to be proven.

For (iii), let I = max{min{h : ¢ ey “V4(N)},min{h : ¢ eg V4 (N)}}, and
observe (iii) already holds for I = 0. Now assume it holds for all ¢ <.

For one direction, assume ¢ =¢ 1. Then, for x €y ¢ arbitrary, it follows from
proposition 3.4.2 (ii) and (iv) that:

{n:Xn61/}77,}3{n:¢n:wn}m{n:Xne¢n,}€uso
{n:ixne,} el

So x €y 1. The converse also holds, so x €y ¢ <= x €y ©. By definition, it
now follows p(¢) = p(1»). By induction, this holds in general.

For the converse, assume ¢ #¢ 1. Then by proposition 3.4.2 (iii) it follows
{n: ¢, # ¥y} € 4. Then there exist x,& €y “Vj_1 such that x €y @, € €y ¥, but
X #u & For example, let x, £ be such that for all n € {n: ¢, # 1, } € Lk

Xn € Pn N P OF &n € Y N P and Xy € P, &n € Py In all cases

Then obviously x €y ¢ and € €y 9, but {n:x, =&} S{n: dn =1} ¢4, so
X #u €. By hypothesis (it holds for all i < 1), p(x) # p(£), so by definition it now

follows p(¢) # p(¥).
For (iv), “<” is by definition. For “=" assume p(¢) € p(¢)). Then there

exists ¢’ €y 1 such that p(d) = p(¢'). By (iii), ¢ =y ¢, so then ¢ €y 9. By
induction, this holds in general.

Uniqueness follows from property (i) and property (iv), in other words p is
entirely defined by p. O

In the following theorem, the map x : x — p(“z) will be proven to be a
nonstandard embedding ¥ (N) - ¥ (.#"). To make things clear, it is important
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Chapter 3. Numerosities

to realize that the construction above is basically the ultrapower construction
as found in [3]. There, using an ultrafilter D on a index set I, and X a base
set, a nonstandard base set Y is constructed as the ultrapower: Y =[]p X (see
appendix A.1.1). The natural embedding d of X into Y is given by d : x ~ [x]p
where “z (i) = x is the constant sequence with value x for all i € I.

The embedding * : x — p(°x) = [°x]y is analogous, by corollary 3.4.5. Due
to the analogy in construction, the proof of the following theorem is very much
like the proof of existence of a nonstandard embedding by the ultrapower con-
struction.

Theorem 3.4.7. The map * : ¥ (N) - ¥ (A) given by * : x » p(°x) is an
w-saturated nonstandard embedding (recall definition 3.3.6). The set of internal
elements is precisely the range of p.

Proof. First we prove that * is a bounded elementary embedding. It must be
proven that for o[¢1,...,&,] a bounded Le-formula, 1, ..., 2, € ¥ (N):

VY(N)Eo[x1,...,2,] <= V(N)Eo[*21,...,%2,]

This is done by first proving the following intermediate result, where ¢!,..., ¢" €

F oo

(*) {i:V(N) E o[ (i),....¢" ()]} el = V(A) = a[p(6),...,p(¢")]

Proof (x). The proof is by induction on the complexity of Le-formulas. It holds
for atomic formulas:

¢ =u ¢ = p(¢')=p(¢)
o ew ¢ = p(¢') € p(¢)

As follows directly from proposition 3.4.6 (iii) and (iv). Now there’s still to prove
that the set of Le-formulas for which (%) holds is closed under concatenation by
A, negation -, quantifying over an element 3x € y, and equivalence of formulas.
Suppose (*) holds for an L. formula o. Then:

{i:7(N)E-o[6'(i),...,0" ()]} = {i : V(N) E o[¢'(4),...,0"(i)]} e U <=
{i:V(N)Eo[o'(i),...,¢" ()]} ¢ U <= V(AN ) ¢ o[p(d"),...,p(¢")] <=
V(AN)E=o[p(d"),....p(¢")]

By the properties of 4l
Suppose (x) holds for L. formulas ¢;,0;. Then:

{i:V(N)E oy Aaj[¢1(i),...,¢" ()]} =

{i: 7 (N) =030 (i),...,¢" ()]} n{i: V(N) = 0;[¢'(4),...,0" ()]} Ul =
{i: V(N)Eoi[¢*(i),...,¢"(i)]} and {i: ¥V (N) E 0;[¢"(4),...,¢"(1)]} e i <
V(A )Eailp(¢'),....p(¢")] and V' (AN) Eoj[p(d1),....p(¢")] =

7/(‘/1/) ':Ui/\o-j[p(d)l)v""p(d)n)]

This time it follows by the superset property of il. Note that the parameters
@', ..., ¢" are the same for 04,05 for readability, this is without loss of general-
ization.

For the existential quantifier, assume (x) holds for o[&1, .. .,&,], and suppose

D={i:¥(N)k (3xe¢' (i) oz, *(i),...,0"(i)]} e U
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3.4. From numerosities to hyperintegers

Then define ¢ € #,, as follows:

w(i) = { x € ¢ (i) such that o[z, ¢?(3),...,¢"(i)] if i e D

1 otherwise
Then {i : ¥(N) & o[v(i),$%(i),...,¢"(i)]} € & so by assumption ¥ (A) &
alp(¥),...,p(¢™)]. Notice that ¥ ey ¢!, so p(1)) € p(¢') by proposition 3.4.6,
hence ¥ (A) & (3z € p(¢')) oz, p(¢?),...,p(¢™)], so “=" holds.

For “«", assume ¥ (A) & (3z e p(¢")) oz, p(¢%),...,p(¢™)]. Then there
exists p(¢) € p(¢') such that ¥ (A) E o[p(2),...,p(¢")] (note the quantifi-
cation is not over urelements, so this follows by the definition in proposition
3.4.6). Then by assumption {i : ¥(N) & o[¢(i),¢%(i),...,¢"(i)]} € 4. Also
ey @b, so {i1p(i) € ¢*(i)} € U, and thus:

s {izg(i) et} n{i: V(N) = olv(i), 6% (i), - .., 6" ()]}
={i: V(N) & (3 € ¢ (i) of2, 92(3), ..., ¢"(i)]}

Which completes the proof. Closeness under equivalence of L formulas is a
trivial step in the proof, so by induction (*) holds for all bounded L. formulas.
O

The proof of the first part of the theorem now follows easily, for o[£y, . ..,&,]
an L. formula, x1,...,z, € ¥(N):

Y(N)Eo[z1,...,2,] < Y(N)Eo[21(i),...,°2,(7)],i e N —
{i:V(N)Eo[°21(1),...,°p(i)]} €U <= V(AN ) Eo[p(‘x1),...,p(°Ty)] <
V(AN)Eo[*T1,. .., *Tp]

The second property of a nonstandard embedding follows as well: *N = p(°N) =
{p(¢): e F}={n(Ay):¢peF} =" The third property holds as well, let A
be an entity of ¥'(N), then:

“A={p(9) : $ e A} > {p(“a) :ac A} = {*a: ac A}

So indeed (¥ (N), ¥ (A4"), ) is a nonstandard universe. The only thing left
to prove is that = is w-saturated. Therefore, consider a countable family of
internal sets % that satisfies the finite intersection property. Observe that all
elements of this set are internal, so by the structure of ¥ (N) there is a set A
such that % c *A. Therefore, the elements of % can be written as p(¢°) for
¢ :N—> A,ieN.

By the finite intersection property, for each n € N, n,p(¢") # @. So for
each n there exists z,, € N"(p(¢"). The elements of & are internal sets, so x,,
is by definition of the form p(¢™) for some ¢™ € F,. It may be assumed that
" (k) € ¢'(k) for all k € N,i < n, the image under p does not differ. With this,
define 6 € Z,, as (n) =v¢™(n). Then for all i € N:

{k:0(k)ed'(k)} = {k:¢"(k) e p'(k)} = {k: k>i} €4 (it is cofinite)

So 6 ey @' for all . It follows p(6) € Nn% + @, which was all to prove.
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Chapter 3. Numerosities

3.5 Existence of a numerosity function on la-
belled sets

This section is devoted to proving the existence of a numerosity function by
assuming a Ramsey ultrafilter'. This should be defined first:

Definition 3.5.1. An wltrafilter 3L on N is called Ramsey if for every partition
{X, :n e N} of N such that X,, ¢ 8 for all n, there exists D € $L such that DnX,,
contains precisely one element for each n.

The name Ramsey comes from Ramsey’s theorem in combinatorics about
colouring of complete graphs. For ultrafilters, something similar holds, which
is stated in the following proposition. It will not be proven here, but the proof
can be found in [4], lemma 9.2, page 108. For any set A ¢ N, let [A]™ denote
the set of subsets of A with n elements.

Proposition 3.5.2. A nonprincipal ultrafilter 34 on N is Ramsey if and only
if for any finite partition {Y1,..., Y} of [N]™ (n € N arbitrary), there is a set
H € Al such that [H]™ € Y; for some i € {1,...,k}. This H is also called a
homogeneous set.

Notice the partitioning can be thought of as “colouring” [N]™.
The following proposition should remind the reader of proposition 3.4.4:

Proposition 3.5.3. A nonprincipal ultrafilter 34 on N is Ramsey if and only if
for any ¢ € NN there exists D € 8 such that ¢|p is nondecreasing (equivalently,
@ is -equivalent to a nondecreasing V).

Proof. “=": Assume ¢ € N¥ arbitrary. Consider the partition X,, = {i: ¢; = n}.
Then if for some n, X,, € 4, then ¢|x, is nondecreasing so we’re done.

Suppose X,, ¢ U for all n. Then by assumption, there exists D € i such
that |[D n X,,| = 1. It follows ¢|p is injective. Define the following sequence
inductively:

no = min D;ng,1 = max{n € D : ¢(n) < ¢(m) for some m < &}

Where & = min{n € D : n > ny}. Notice each set over which is taken the mini-
mum or the maximum is finite, as ¢|p is injective. The sequence is increasing:
ng+1 > &k > ng. Now consider the partition {Y; : i € N} defined by:

YO = {O;"'ano};Ykﬁ-l = {nk+1a"'7nk+1}

Then again there exists a set E € il such that |[EnY;| =1 for each i. By the
properties of an ultrafilter, for Y. = Upey Yor, Yo = Upen Yor+1, it holds Y. € 4l or
Y, €4l Assume Y, € 4. Then let F = EnY.n D €4l. Then ¢|F is increasing: let
x <y. Then x € Yoy, y € Yy for some k <. Then y > naxi1 (as h is at least k+1),
s0 ¢(y) > ¢(m) for all m < &ox < nogy1 by definition of nog1. So in particular
T < Noge1, 80 @(x) < ¢(y). The case where Y € il is the same. Hence ¢|p is
nondecreasing.

1In [1] this is called a selective ultrafilter. In [4], page 76, and [6], chapter VI, it is called
Ramsey, and I decided to adopt that to be more in line with the common literature.
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3.5. Existence of a numerosity function on labelled sets

“<” Assume {X,, :n € N} is a partition with X,, ¢ 4 for all n. Define ¢ ¢ N¥
as ¢(m) =n <= m € X,,. By assumption, there is a D € { such that ¢p is
nondecreasing. Define D,, = D n X,, for any n. Each D, is finite:

Suppose D, is infinite for some n. Then for any m > n, there is no k > min D,,
such that ¢(k) = m (if there was, ¢p would be decreasing for some [ > k). But
then D, is cofinite, as it contains all k£ > min D,,, so D,, € X, € i, a contradiction.

So each D, is finite, say D,, = {mgn) <hee< m,(cn)}

With this notation, define 1 € NV as ¢(m{™) = k, —i,9(n) = 0 if n ¢ D.
Remark that on any D,,, ¥ is decreasing. However, there exists D’ € §{ such that
wpr is nondecreasing. Combining this gives that for any n, D, n D’ contains
at most one element. So if we let F = Dn D', then X,, n F contains at most
one element for each n. Pick arbitrary elements for any n with X, n E = @,
and construct E' 2 F such that |X,, n E’| = 1 for every n. This completes the
proof. [

Combining propositions 3.4.4 and 3.5.3 gives that by assuming a numerosity
function, one obtains a Ramsey ultrafilter. This is then enough to produce
a nonstandard model .4 of the natural numbers, the set of numerosities. In
looking for a foundation for the existence of a numerosity function, it seems
natural to reverse the direction, and assume a Ramsey ultrafilter instead. This
indeed, results in the following theorem.

Theorem 3.5.4 (Benci-Di Nasso). There exists a numerosity function if and
only if there exists a Ramsey ultrafilter on N.

Proof. “=7: Proven by combining propositions 3.4.4 and 3.5.3. “<=": Let 4l be
a Ramsey ultrafilter on N. Define .4 as the ultraproduct .4 = NY/4{. Then
the induced order [¢]y < [¥]y <= P <y < {i:¢; <} €8l is a linear
order on 4. For a labelled set A, define n(A) = [v4]u, where v4 : n— |A,]| is
the approximating sequence of A. As {l is Ramsey, any ¢ € NV is {-equal to a
nondecreasing one (an approximating sequence), so n is surjective. What’s left
to check is properties (i)-(iii) of definition 3.1.3.

Property (i) follows immediately from the induced ordering: if |A,| < |By|,
then n(A) = [7a]s < [15] = 1 (B).

Recall property (ii): £ < n(A) <= 3B c A such that £ = n(B). First
assume labelled sets B ¢ A. For an element a € A\ B, let m =£4(a). Then for
all n>m, |By| < |Anl|, hence {i:vp(i) <ya(i)} is cofinite, thus in 4. Therefore
n(B)<n(A).

For the converse, assume & = [¢]y < n(A) = [ya]y. From ¢, B c A will be
constructed to satisfy n(B) = &.

The claim is that there exists a set H = {kg < k1 < ...} € 4 such that:

(k) = p(kn-1) <va(kn) = va(kpn-1) (3.1)
This follows from proposition 3.5.2. Consider Y = {{m,m’} € [N]? : ¢(m) -
d(m’) <ya(m)—-~ya(m’) where w.lo.g. m<m’}, Y’ = [N]?\Y, and let {Y, Y’}
be the corresponding partition of [N]2. By the proposition there exists a homo-
geneous H = {ko < kj < ...} € i for this partition. But [H]? ¢ Y’ cannot be, for
then it must hold for two consecutive k,,_1 < ky,:

¢(kn) = O(kn-1) > ya(kn) = va(kno1) =
(b(kn) - (b(knfl) 2 ’YA(kn) _’YA(knfl) +]1 <—
d(kn) — d(ko) =2 va(kn) —va(ko) +n for all n
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So then it holds for all m > ¢(ko) —va(ko) that ¢(k,,) > va(km ), which implies
{i:6(i) >7va(i)} 2 {km, kms1,- .. } € 4 which is contradictory. Hence [H]?c Y.

Now let H = Hn{i: ¢(i) < va(i)} € 4, write H = {k{ < k] < kb <...}.
Define By € {a € A:£4(a) < k{} such that |Bo| = ¢(ko). Proceed by induction:
let B, c{aeA:k_; <lala) <k} with |B,| = ¢(k],) — ¢(k/,_y). This can
be done because of (3.1). The labelled set B c A is now obtained by letting
B = U; B;, with induced labelling function yg. For h € H' we have ¢(h) = vg(h),
50 75 =u 6. Hence 1.(B) = [5]u = [0 = £,

At last, the third property follows from the fact that n(A) = n(A’) and
n(B) =n(B’) gives 74 =y va- and v =y 5. Because then yagp =y 74 +7B =y
Yar + VB =y VAo, and YaeB =4 YA VB =4 YA' VB =y YA'GB'- O

Another result stated in [4], but attributed to W. Rudin is that the con-
tinuum hypothesis implies the existence of a Ramsey ultrafilter. Also, a result
by S. Shelah (see [6], chapter VI) is that the absence of Ramsey ultrafilter is
consistent with ZFC. So, as CH is independent of ZFC, one can formulate the
following corollary:

Corollary 3.5.5. The ezistence of a numerosity function on labelled sets is
independent of ZFC.

This result is of course about the numerosity function defined in the way
that it is done here.
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Chapter 4

Numerosities of sets of
ordinals

In this chapter, the idea of a numerosity is slightly modified in order to make a
generalisation to arbitrary sets of ordinals. Uncountable sets cannot be treated
using the method of labelled sets as easy as countable sets can. Ordinals, how-
ever, provide some tools that can be used to make a similar construction possible.
In the following, this is done mostly in analogy with [2]. However, the definition
of a numerosity function as is done there gives trouble in proving a theorem that
is claimed proven there. I solved that issue by slightly modifying the original
definition. At the end, I compare the numerosity function of chapter 3 with the
new one that provides a new insight in how the two definitions might be unified.

4.1 Defining the numerosity function

The goal is to define a numerosity function on sets of ordinals, i.e. a function
n with domain W = &(0Ord). The idea of labelling is dropped here, instead n
will be defined explicitly for these sets. As these sets are all sets of ordinals, the
labelling can be thought of as “built in”, like the canonical labelling of N in the
previous section.

Recall that the motivation behind a numerosity is a more natural, “aris-
totelian” notion of size. The numerosities should therefore be elements of a ring
structure, to have addition and multiplication, endowed with an ordering that
will provide the notion of size. Such a structure A might even be a proper class
to provide enough numerosities for every A € W, but we could always restrict n
to elements of W,, = (k) for some cardinal x in order to deal with sets only.
However, in appendix A.2 we justify dealing with proper classes in the rest of
this text by assuming an inaccessible cardinal.

For a numerosity function, a natural arithmetic is desirable. In the case of
ordinals, this is not easily provided, as ordinals have strange arithmetic them-
selves. For example, it cannot be guaranteed that the following holds for all
ordinals 7:

n(A)=n({r}+A) =n({r+ajac A})
n(A)=n({r} -A)=n({r-alacA})

This property is however desirable, because the “size” of a set of ordinals should

30



Chapter 4. Numerosities of sets of ordinals

be ideally independent of the ordinals it contains, and the identities above are
special cases of this property: translation and multiplication invariance.

Here the set operations + and - are as usual when the elements are part of
a (semi-)ring, so they’re applied to all elements of both sets. These properties,
that will be called the translation and multiplication invariance of the numeros-
ity function, cannot be satisfied in general. It will however be satisfied for 7
sufficiently large compared to A, this will be made precise shortly.

An ordinal of the form w®, with a > 0, will be called a tile here, in analogy
with [2]. An important property of a tile 7 = w® is that it can be written
as a product of atom powers by expanding « in its normal form. Let a =
w*ay + - +w*a,. Then for 6; = W

This product representation is unique according to the Cantor normal form
theorem.

One can also express 7 as power 67: Let 0 = 6, and let §; be such that
; = ap +6;. Then for ~ = Whay + + W la, 1 + Ap, T=07:

5y

97 = wwa"w a1+ +won=la,_1+an, _ ww“lal+~~-¢—:,u°‘"an

=T
This will be an important (unique) characterization of 7, and in the following
7 is called a #-tile if it is a power of an atom 6, following the terminology in [2].

In order to provide a certain product principle like there was in the count-
able case (the cartesian product principle), a new product operation on sets of
ordinals must be defined. Notice that a cartesian product of two such sets is
no longer a set of ordinals, so to have some product principle of a numerosity
function on W, there should a product on W in the first place. For 7 an infinite
tile, define the product ®, : W xW - W as:

A®, B={rB+alac A, peB}

This flat product on W will be a very useful definition. For 7 = w® a 6-tile,
notice that in the product 7 ®, § there will be no absorption if § < 8“: For
B < &, we then obtain 8 < % = (w“’a")w =™ S B is always of the form
B=w"" by +wP2by + -+ wPmb,, for finite k, and w* k> By > -+ > By, b; finite
with by possibly zero. Then any element of 7 ®, ¢ is of the form 78 + a with
a <71 and (8 as above:

ay e arn,
TB+a =w® I (@R wP2hy 4k wPmb, ) +
1 o 1 @ .
= @ tartetw "(an-%—k)bl + Z:T:L2 W tartrw na'L+ﬂ”bZ' +a

So no absorption occurs. Note that if 5 = 6“ it goes wrong, so § = 0 is
the largest § we can demand for this flat product to “behave like a cartesian
product”, that is: an element in 7 ®, § corresponds to a unique pair («, 3).

So if for certain sets A, B € W, A®,. B “behaves like a cartesian product”,
it seems valuable to ask the numerosity function to satisfy the following:

n(A®, B)=n(A4) -n(B)

This is called the flat product principle in [2]. In the definition below, I'll just
refer to it as product principle.
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For ordinals, ®, can be used to represent division with remainder. Suppose
« is an ordinal, and let a = 75 + 7 be the representation after division by 7, so
v<7. Then y®, B={7A+puA< B,u<~}={klxk <a}=a. So division by 7 can
be written as a =y ®, S.

The above discussion provides enough machinery to state the numerosity
function n and show some properties.

Definition 4.1.1. For W = Z(0rd) the class of all sets of ordinals, A an
ordered class-ring, a numerosity function n: W — A takes positive values in A
and satisfies the following properties:

(i) Cantor principle: If |X| < Y], then n(X) <n(Y)
(i1) Sum principle: X nY =@, thenn (X uY) =n(X) +n(Y).

(i) Product principle: For T a tile with base 8, n(X) -n(Y)=n(X®,Y) for
all X cr,Y cov.

(iv) Unit principle: For every ordinal o, n ({a}) = 1.

In [2], the Cantor principle is stated as: n(X) =n(Y) = |X| = |Y|. That
seems like a weaker statement than the above, and that creates trouble in prov-
ing a necessary and sufficient condition for this property later on (theorem
4.2.4). Stating it this way solves the problem, and it is obvious that we may
demand such a property from a numerosity function. Notice as well that I name
it a Cantor principle, although it is actually a half-Cantor principle. It is how-
ever redundant to say that, as obviously a numerosity does not coincide with
cardinality.

Also, in [2] the requirement for Y in property (iii) is stated as Y ¢ § < 8¢ for
some . As I've shown above in the discussion of the flat product, this range can
be extended and simplified to Y ¢ 6%, which is what I've done here. It won’t
lead to any trouble later on.

A few properties that follow from the definition are immediate. For instance,
if Ac Be 2(0rd), let 8 € B~ A be arbitrary. Then the aristotelian property
is easily verified:

n(B)=n(A)+n({B})+n((BNA)N{B})2n(A)+1>n(4)

Also, for finite sets n ({1, ..., a,}) =n({a1})+ - +n({an}) =n={a1,...,an}|
if the subsemi-ring generated by 1 of A (i.e. the set of elements of the form
1+---+1) is identified with N. So for finite set, this notion of size agrees with
cardinality.

The following proposition proves the translational and multiplicative invari-
ance:

Proposition 4.1.2. For n as in definition 4.1.1, 7 a tile the following holds:

(i) If A< 1-n for some finite n, then n(A) =n({r- B} + A) for all ordinals
B.

(i) For T a tile with atom base 8, n(A) =n({r}-A) for all Ac6“.
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Proof. (i) The proof is by induction on . This is best done by first proving

(i)

it for 8 =m < w, and then for $ > w all at once.

So first assume 5 = m < w. Remark that because A € 7-n, with 7 a tile,
considering the normal form of an « € A yields a = 7-i+ 9 where d < 7, and
0<i<n-1. Hence A is the disjoint union of n sets: A = U {7 i} + A;
with A; € 7. Then:

n({r-m}+A) =n({r-m}+ (U {r i} + Ai})) =n (U {m- (i +m)} + A;})
=UiS n({7- (i+m)} + A;) = ULy n (A ® {i +m})
=Uiton (4) - 1=n (Ui Ai)
=n(4)

Note each step is allowed, as the union is a disjoint union each time, and we
make use of the sum, product and unit principles. The product principle
is allowed as A; c 7, and {i +m} is finite.

For the other case, it may be assumed that 3 is not a tile, for else 7/ = 7- 3
is a tile, and the proposition just holds for 7/: n ({7'} + A) =n (A).

So assume 3 = w1 (m +1) +6 (in normal form), for 0 < m < w. Trivially
wP'm + 8 < B, so as induction hypothesis the proposition is assumed for
w’'m + 6. Define the tile 7/ = 7-w”. Then:

n({r-p}+A)

n({r’} + ({wglm +0}+ A))
: n({w51m+5} +A)
n(A)

Where =' is valid because ({w”'m + 6} + A) ¢ (B+7) ¢ 7’ so the proposition
is applied for the already proven finite case.

The proof now follows by induction on f.
Note {7} -A = {0} ® A. So then n({7}-A4) = n ({0} ®, A) =1-n(A)

follows immediately by the product principle, under the given conditions.
O

Another property of the numerosity function on sets of ordinals is that it
commutes with Cantor’s normal form of an ordinal, and also with the product
expansion. This is stated in the following proposition:

Proposition 4.1.3. Let a be an ordinal, with normal form o = Y7 w%a; ,
and T a tile with product expansion T = [T;-, 0;"
Then:

(i)

(ii)

n(iw”‘iai) = ﬁ;n(waiai)

i=1

o(F10) -T2

i=1 =1
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4.2. Foundation of the numerosity function

Proof. (i) This follows easily by observing that {w®'a;} + Yo w®a; = {8 :
w¥ay < B <al, and wa; = {B: 8 <w*ay}, so that a = {B: < a} =
(w*a)u({w*rar} + X ow*a;). The following now proves the statement:

n(Xilwa;) =n((w*ar)u({war}+ X, wa;))
=n(w*ar) +n({war} + Xy wa;)
='n (w*ay) +n (X, wa;)
= Zis n(w™aq)

The last identity is obtained by repeating the expansion n — 2 times. At
=" the previous proposition is applied, for 7 = w® and using Yrawia; C
w®ay (by the normal form theorem).

(ii) Recall that 7= 67" ®ge1 (62-----6,) by division of ordinals. 6]* Has base

6y, and by definition 31 - ... . o = @@ Zarrrettan oWt e g
the product principle holds. Combining these facts yields the following
expansion rule:

([T 07) = n (08 ®per (657 ---05)) =n(67) -n (052 - 0
= iman (67)

Where the latter holds by repeatedly expanding the product n — 2 times
more.

O

The above properties can be exploited further by defining a ring-like struc-
ture on Ord, using a so-called natural sum @ and product ®. These oper-
ations will have the pleasing property that they are commutative, and like
the sum and product operations of labelled sets, they will proven to satisfy
n(a®p)=n(a)+n(f),and n(ac©B) =n(a) -n(p).

The operations a®f and a® [ are defined by considering the normal form of
«,  as formal polynomials in w, and then taking sum and products as usual. For
notational reasons, we gather the exponents of o and 3 in one set of exponents
Y1y --+,7n, Where the corresponding coefficient a; or b; might be 0.

a®f =(XiLwa;) @ (i wbi)
=i w(a; +b;)

aof = (Z?:l w¥a;) © (Z?:l wib;)
= ®Z€j=1 w%@%'aibj

Asn (w‘sd) =n (w5 ®, d) =n (w‘s) -d, it follows that numerosity function induces
a semi-ring homomorphism between (Ord, ®,®) and (A4, +,-).

4.2 Foundation of the numerosity function

As seen in the previous section, a numerosity function on sets of ordinals has very
interesting properties, with only a few assumptions made for the function itself.
In this section, the foundation of this function with its properties is explained
in terms of finite approrimations, which is very much like the treatment in the
countable case. The difference is that here is often dealt with classes due to the
fact that sets might be too small to work with.
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Chapter 4. Numerosities of sets of ordinals

What is needed first is a stricter notion of what is meant by a finite approxi-
mation in the general case. In the case of a set X €e W = Z2(Ord), it is certainly
not always possible to have finite approximations X; such that:

X=UX;
ieN
This works for the countable case of labelled sets, but certainly not for much
bigger sets of ordinals. What is needed here is a class Z (to keep things simple
and general, a class is assumed for now) that is directed. Directed means that
7 is endowed with a preorder <, with the property that any two elements have
an upper bound. A preorder is the a partial order without the property of
antisymmetry, i.e. there can be 4,7 € Z with ¢ # j, ¢ < j and ¢ > j. The upper
bound property implies that for any i, j € Z there is also a k € Z such that i < k
and j < k. Note that every linearly ordered set is a directed set, so the following

general definition for a finite approximation also holds for the countable case of
labelled sets, where Z = N.

Definition 4.2.1. For a class of sets €, (Z,<) a directed class, a map ¢ :
E xT - € is called a finite approximation if, for all X,Y € € and i,j € T,
the following holds:

(i) (X,i) < X is finite

(ii) For all x € X there exists i such that x € $(X,i)
(i) If i < j, ¢(X,7) € ¢(X, j)

(iv) (X UY,i) = ¢(X,i) uo(Y,i)

Like before, ¢(X,1) is denoted shortly by X;. That way, the counting func-
tion associated to X is the map N% > ®(X) : 4 = |X;|. In the case of sets of
ordinals, a finite approximation is desired for ¢ = W.

The idea is now as follows. The counting functions ®(X) belonging to each
X € W are elements of the ring ZZ. A numerosity function is obtained by
defining, for a given prime ideal p, the quotient A = Z% /p with projection map
7: ZF — 7% [p, and letting n(X) = m(®(X)). This will be made precise in the
following theorem, but first there are some remarks to make.

Assume for the moment that T is a set.! We’d like to show that every prime
ideal p < ZT defines has an associated ultrafilter on Z. This is shown in the
following lemma:

Lemma 4.2.2. Let p < Z* be a prime ideal. Consider for an arbitrary subset
Ac 1, the element €4 € 7% :

. Lifi¢g A
GA(Z):{Oz’fieA

Then €4 € p = A el for every A c I defines an ultrafilter 4 on Z. Conversely,
for M an ultrafilter, A el = €4 € p defines a prime ideal in 7% .

Furthermore, the ultrafilter 34 is nonprincipal if and only if p is a nonprincipal
ideal

1This is made precise in appendix A.2
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4.2. Foundation of the numerosity function

Proof. Notice €4 - ez, 4 =0 € p for each prime ideal p, hence €4 € p or ez 4 € p,
but not both, as €4 + ez.4 = 1. Furthermore 1 = €4 ¢ p. Also, for e€4,¢ep € p,
€7.A,€7B £ P, hence ez 4 - €7.B = €z auz B ¢ P, thus €anp = ez (2 auzB) € P
At last, if €4 € p, and A c B, then e4.7-€g =0 € p so eg € p by the above. So
indeed, p defines an ultrafilter £l on Z, by definition A.1.1.

Now suppose one is given an ultrafilter 4 on Z. Then define p as follows:
¢ =1 (modp) < {ieZ:¢; =1;} €l or equivalently p e p < {ieZ:
G =0} €sl For g-tbep, (e =0} ={itdh; =0} U{i: =0} €l s0 6 or
1 €p, or otherwise {i:1; #0} n{i: ¢p; # 0} € 4 which is a contradiction. So p is
a prime ideal (the fact that it is an ideal follows by definition and elementary
properties of ultrafilters). Notice A € Il = €4 € p, and vice versa by the above,
hence the claim follows.

For the last claim: suppose 4 is principal. Then A € 4 <= X, ¢ A for
a finite set Xo. Then p e p < {i:¢; =0} € Xg < ¢ =€x, P Sopis
generated by the element ex,. The converse is obvious. O

Corollary 4.2.3. A = Z[p is isomorphic to the ultrapower [1y ZT (see ap-
pendiz A.1.1).

Now the theorem can be stated:

Theorem 4.2.4. For W = 2(0rd), ¢ : W xI - W a finite approximation
with associated counting function ® : W — NZ, p a prime ideal of Z* and
7: 7% - 7T [p = A the projection map, and i the ultrafilter associated toyp. Then
forn=mo®, the conditions (i) — (iv) of definition 4.1.1 can be reformulated in
the following way:

(i) holds by definition
(ii) Cxy = {i e Z||X;| < |Yi|} € 4 whenever | X|<|Y]
(i1i) Py ={i e Z||X;| Y] = (X ®, Y )|} € U whenever T is a O-tile with X €T
and Y c 6“.
(iv) Cyiay € U for all ordinals o, with Cgqy as above.

Proof. In the following proof, the induced order on ZZ/p is used, namely that
m(&) <m(n) < {ieZ:& <n;} ek Note that U being an ultrafilter makes
this a linear order.

(i) Assume X,Y ¢ W with X nY = @. Notice that this implies X; nY; = @
for all i € Z, so | X; uY;| = | X;| +|Y;|]- The proof now follows, using property
(iv) of the finite approximation function:

n(XuY) =a0®(XuY)=n(ir|p(XuY,i)|)=m(i~ |o(X,i)ue(Y,i)])

=7(i = [ X; OYi]) = (i = [Xi]) + 7(i = [Yi]) = m((X)) + 7(2(Y))
=n(X)+n(Y)

(ii) “«<=": Holds obviously by the induced order, for Cxy € i gives w(P(X)) <
m(®(Y)) so n(X) < n(Y). “=7: The same, here |X| < |Y| implies
7(®(X)) <m(®(Y)) <= {i:]|Xy| <|Vi]} e ih

(iii) This is obvious, as | X;|- [Y;| = (2(X) - ®(Y)), so Py €4l — 7(P(X)-
(V) =m(®(X®,Y)) — n(X) n(Y)=n(X®,;Y).
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Chapter 4. Numerosities of sets of ordinals

(iv) The unit principle holds if and only if ®({a}) =y 1z <= {ieZ:|({a}) =
1} el <= {ieZ:0<|({a})i]} e = Cyay el

O

Remark again that the proof of the Cantor property is easy here, because
of the adjusted property of the numerosity function, like mentioned before.
For the weaker statement, proving necessity seems impossible, although in [2],
equivalence is claimed.

In order to define a numerosity function, it suffices to define a finite approx-
imation ¢ : W xZ — W, and an ultrafilter 4 over Z that satisfies the properties
of the above theorem.

Let now Z = Y5, (0rd) = {i € Z(O0rd) : |i] finite }, ordered by inclusion.
Notice that (Z,<) is a directed class. Define a finite approximation as follows:

G(X,i)=Xni

The properties of definition 4.2.1 are obviously satisfied by this definition. So in
order to provide a numerosity function on W, what’s left to show is that there
exists an ultrafilter 4l that contains the following family:

F={Cap:|A|<|Bl}u{P}p:Tab-tile, AcT,Bc§<b}

So that all properties of a numerosity function are satisfied by theorem 4.2.4.
From corollary A.1.4 follows that if F ¢ £2(Z) has the finite intersection prop-
erty (recall definition 3.3.5), then there exists an ultrafilter on Z that contains
this family of sets as a subset. So if it is proven that the family F above has the
finite intersection property, then this proves existence of a numerosity function.

This property of F is however not quite trivial. The proof in [2] it makes
use of the following, very technical lemma.

Lemma 4.2.5. Let 01 > --- > 0, = w be atoms, and X1,...,X, an arbitrary
(finite) number of elements of W. Then for every k € N, there exists I € T =
Phn(0rd) such that the following holds:

(i) Every finite X, c I
(i1) For every infinite X, :
[T X > I nu{X, :|X,| < |Xu|}

So an infinite X,, has more elements in common with I than the smaller
X, altogether.

(#ii) For s < m, hy,...,hs < k integers, then if X, < 9{“ .00 and X, c 0F,
then:
(XunI) B ghe (XynI)=(X, ®gh1_ghe X,)nI

The proof consists of a very technical construction of I. To improve readabil-
ity, I’ve separated it using two more lemmas. First I introduce some notation.
For o an infinite ordinal, let Y, w® a; be its normal form. Then an atom of « is
any ¢;; appearing in any of the product expansion of the tiles w®* = J; Gijh“ .
The degree of « is defined as deg(«) = max; j{a;, hij}. For X a set of ordinals,
define at(X) as the set of all atoms of elements of X, and let span(X) = {«:
at({a}) cat(X)}. Finally, define span,(X) = {a € span(X) : deg(«a) < d}. The
following lemma gives some useful properties of these new definitions.
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4.2. Foundation of the numerosity function

Lemma 4.2.6. Let X be a set of ordinals. If X is finite, then at(X) is finite
and |span(X)| = Ro. If |X| = Rg, then |span(X)| = Rg and at(X) < Rq. |X]| =
lat(X)| = |span(X)| whenever any of them is uncountable. Furthermore:

g™ if at(X) is finite

X)| =
|spang (X)) {|at(X)| otherwise

Proof. The first two statements just follow from combinatorics with finite or
countably infinite many elements. Moreover, each of the three sets can only
differ in size by a countable number of elements. So indeed |X| = |at(X)| =
|span(X )| whenever any of them is uncountable.

For |at(X)| finite, consider an element o € X. For each w® in the normal
form of a, a tile w® has dPP*(¥)| possible product expansions, As the degree can
be at most d -1, and an atom can be absent (power 0). Each tile has d possible
coefficients, from 0 to d — 1. So « is one of d?™ " elements. The case when
l]at(X)| is infinite follows in the same way, as each element of span,(X) is just
a combination of finitely many elements of at(X). O

Lemma 4.2.7. Let 01 > --- > 0, = w, Xq,..., X, be as in lemma 4.2.5. Let
K1 < +++ < Ky an enumeration of the sizes of all uncountable X,,, ko = Rg, and
define v; = k; if ki is reqular, v; = ki—1t otherwise. Define Y; = U{X, : | X4| <
kit Zi = { Xy ¢ | Xu| < ki) and © = {01,...,0,}. Let A; = © u at(Y;) and
B;=0uat(Z;). Then there exists a finite F; c B; and d; <w such that:

| X 0 spang, (F; U (A N By))| 2 v; for all X, with | X,| = K

In the same way there is a finite Fy ¢ Ay and dy < w such that Zgu © ¢
spang, (Fo) and

| Xu 0 spang, (Fo)| > |Zo| for all X, with |X,| =R

Proof. Let i € {1,...,r} be arbitrary, and consider a set X, with |X,| = ;.
Define for each finite F' € B;:

XF={aeX,lat({a})nB; c F}

Then:
X,= U XxF
FeP4n(B;)
Notice |B;| = |k;-1| (follows from lemma 4.2.6). Furthermore %, (B;) is the
union over all n of subsets of length n. Each such subset has cardinality x;_1 > Rg
((ki—1)" = Ki_1 by lemma 2.2.5), hence | P4, (B;)| = w - Ki_1 = Ki_1-

But | X,| = k; > v; > k-1, with v; regular (any successor is regular), so it is
not the union of smaller cardinals. By the above and lemma 2.2.7, it follows
that there must be a finite F,, such that [XI«| > ;. As XFuv = Uz {a €
XFu|deg(a) < d}, it holds with the same argument that there exists a d, < w
such that:

(5[ 0 spamg, (X5 2 v

By definition X is the set of ordinals of which only finitely many atoms are
in B;. The rest must therefore be in A;. So the above can be restricted further:

| X, nspang, (Ai N By)| 2 v
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Now let F; = U{F, : |Xu| = k;},d; = max{d, :|X,| = r;}. Using X[*nspan, (A4;~
By) € Xy n {spany, (F; u (A; N B;))}, we end up with:

| Xy N {spany, (F; u (A; ~ By))} 2 v

Where Fj is finite, d; an integer, so this proves the first assertion.

For the second assertion, let X,, with | X, | = Xy be arbitrary. We proceed by
first defining a finite F;, and an integer d, so that the following holds for this
particular X,:

| Xy nspang, (F,)| > [Zo| with Zou © ¢ span, (F)

Let d,, = max{deg(«) : a € Zy} (Zy is finite). Also By is finite, so for Zou© ¢
span,, (F,) to holds we can just require By € Fy, dy > d,. Now either X,
contains elements of degree > d,,, or Ag~ By # @ (or both). As |Zp| is finite, it is
therefore a matter of enlarging d, or extending F, with elements from Ay \ By
to satisfy the above equation.

With Fy = U{Fy : | Xu| = Ro} and dy = max{d, : |X,| = Ro} the assertion is
proved. O

The proof of lemma 4.2.5 is now as follows:

Proof. Let Y;, Z;, A;, B;,0,v;,d;, F; be as in lemma 4.2.7 (for i € {1,...,r}), and
k € N arbitrary. Let d = max{2k,dy,...,d,} and F = ]_, F;. The claim is that
one can choose recursively on i € {1,...,7} finite subsets G; ¢ A; \ B; such that:

| Xy nspang, (F; u Gy)| > ad" !

Where H, = F uUj., G5, Hy = F. Notice a2 |spany(H;_1)|, with H; 1 c
Fu B;. From lemma 4.2.7 we know | X, n {spany, (F; U (A; \ B;))}| > v;. Also
F' contains only finitely many elements. It follows that it must be possible to
extend F; with a finite set (G; containing new elements from A; \ B; such that the
above set reaches the desired size. Because for each i the set | X, n {span,, (F;u
(A; N B;))}| is uncountably bigger (by a regular cardinal) then the previous set
(for ¢ — 1), this is certainly possible.

Let I =span,(H,). The only thing left is to verify the properties (i)-(iii).

Property (i) holds as U{X, : |X,] finite } ¢ Zo u© c span, (Fo) c 1.

For |X,| = ki, property (ii) follows from: {X, : |X,| < |Xul}nI = Z;n
I ¢ span(B;) n I ¢ spany(H;-1), thus |[{X, : |X,| < |Xu|}| < |spany(H;-1)| =
ad" ™ < | X nspany, (F; u G;)| < [ X, n1|. For |X,| = ko = Rg, it follows from
HXo o [Xo| < [Xul} n 1] = |Zo 01| < |(Xynspang (Fo)) n | < |X, n I, by the
second assertion of lemma 4.2.7.

At last, let s<m,h; <kfor1<t<s, 7= 0{“ ...0". For any A 2 O, notice
that, because d > 2k and the degree of any element of 7 N span,(A) ®, 6% n
span,(A) cannot exceed 2k:

(1 nspany(A)) ®, (0% nspany(A)) € spany(A)

And notice there’s no absorption in the product, for 6% ¢ 6 (7 is a f,-tile). So
indeed, for X, c 7, X, ¢ 9§ and using © € H,.:

(XunI)@, (XynI)=(X,®; X,)nT

Which completes the proof of the lemma. O
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The lemmas above have done all the technical work to prove the following
theorem, that has already been announced.

Theorem 4.2.8. The set F = {Cap:|A| <|B|} u{P}g: T ab-tile, AcT,B ¢
§ < 0} has the finite intersection property. Therefore, there exists an ultrafilter
L on T that justifies the existence of a numerosity function on W.

Proof. Tt has already been mentioned that the finite intersection property is the
only thing to prove. So, let F1,..., F] be a finite family of sets € F. These sets are
all of the form C4,p, or PA—ZBt for 1 <7 <l. Let Xq,...,X, be an enumeration
of the sets A;, By appearing in Fy,..., F;. We'd like to apply lemma 4.2.5 to
these sets. We set up k, 61 > 05 > --- > 0,,, =w now in such a way that whenever
Fy = P} g, for some t, then:

T = 9?“ ...97@;“* where 0 < hg <k for all s<m
B; c Hif where s is the largest index with hg >0

So in fact 64,...,0,, are just all atoms that occur in all 7’s of this finite family
of sets.

With this, lemma 4.2.5 is applicable. Consider first an element of the form
Ca,B,- Then |Ay] < |By|, so in case By is infinite, part (ii) of the lemma gives
|A:nI| < |BynI| with T €Z, hence I € Ca,p, by definition. If B; is finite, then
|A:| < |B:| implies |A:nI| < |B:n 1|, as X, nI = X, for every finite X,. So again
Ie CAtBt'

For an element of the form ijt B, the variables above are chosen in such a
way that the lemma gives:

Atﬂl®7—t BtﬂI:(At®7—t Bt)ﬁl

There is no absorption (A; and By satisfy the appropriate conditions), and I is
finite, so:

|AtmI®‘rt Btﬂ.”:|AtﬂI|'|BtﬂI|:|(At®7—t Bt)ﬂ_”

Or [(A) 1] [(Be)rl = [((Ar ®+, By)); |- So by definition, I € P}’ .
Thus I € Ny Fi, hence F satisfies the finite intersection property. O

At this point, we have proven that an ultrafilter 4 that satisfies the necessary
conditions from theorem 4.2.4 to provide a numerosity function n on W exists.
In [2], this is summarized in the following corollary:

Corollary 4.2.9. There exist numerosity functions n: Z(0rd) > A where A
is a class of hyperintegers in the sense of nonstandard analysis.

Proof. The existence has been proven, the qualification of A is a bit dangerous.
I have remarked that A = ZZ /4l can be seen as an ultrapower of Z. When ZZ
can be considered a set-ring (again, I refer to appendix A.2 for this case), then
by the ultrapower construction of a nonstandard embedding (like mentioned in
section 3.4) it can indeed be considered a “class” of hyperintegers. O
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Chapter 4. Numerosities of sets of ordinals

4.3 Back to the countable case

One might ask at this point, what is the link between the numerosity defined
here, and the numerosity defined in chapter 3. To answer that question, we
can restrict the numerosity function to set of all countable sets of ordinals:
W = Z(w) in that case. Also the class T can be restricted: define Z = gy, (w).
So 4l is an ultrafilter on the restricted Z. Notice the “labelling” is the same
as the canonical labelling of N, so at this point it is possible to compare the
numerosity function that is defined on subsets of N with the general numerosity
function defined here.

In chapter 3, a set A c N is compared to a set B c N by using finite approx-
imations and an ultrafilter on N. Denote that ultrafilter (to distinguish it from
the ultrafilter on 7) by Ly.

In the notation of this chapter, let I; = {1,2,...,i}, then for the labelled sets
n(A)=n(B) < {i: Anl;=BnlI;}ey. So the two notions of size coincide
when for % = {I, 5, ...} holds:

{Ie:AnI=Bnl}inSF el < {i:Anl;=BnlI;}ellyor
{IZ'EL[ZAI'WIZ':BQL'}EL[ <— {i:AmIi:BnIi}eilN

So in general, the notions of size coincide for all subsets of N when for any set
J c N holds:
{Ij:jeJ} el < Jelly

Whether it is possible to establish ultrafilters 4 on Pg,(w) and Uy on N that
satisfy this relation, and still satisfy all other properties that were required, I
cannot figure out yet.

It is not needed though, as there is a theory for the countable case. But
maybe some thoughts on this might enlarge the set of sets on which the nu-
merosity function of chapter 3 can be defined. For example, the difference
principle is not a requirement in the numerosity function in this chapter:

E<n(A) < IBcAn(B)=¢

So it is certainly interesting to investigate. In [1] and [2] it is left as an open
question whether this difference principle might be extended, and here I will do
the same, from a different point of view.
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Appendix A

Selected topics

A.1 Ultrafilters

This section provides a short introduction to the concept of filters, and states a
few results that are used in the chapters above.

Definition A.1.1. A filter on a set S + @ is a set §c P(S) such that:
(i) SeF and 3¢ F.
(i) If X e§F and Y € §, then X nY €F.
(i) If X eF and Y > X, then Y €F.
A filter L is called an ultrafilter if for any X ¢ S holds X € S or SN\ X € S.
The following lemma is used in theorem 4.2.8:

Lemma A.1.2. Let S be a set. If a family of sets F c P(S) has the finite
intersection property, then there exists a filter § on S such that F c §.

Proof. Let § defined by all sets D € £(S) such that there is a finite subset
{X1,...,X,} € Fwith Xyn---nX, € D. Then property (i) of definition A.1.1
holds, as F has the finite intersection property.

If D, E € §, pick the finite {X;,...X,,} and {Y7,...,Y,,} such that X;n---n
X,cDand Yin---nY,, € E. Then X;n---nX,nY i n---nY,, € DnE so
D n FE € § by definition.

Property (iii) is trivial from the definition.

So § is a filter, and F c §. O

In theorem 4.2.8 an ultrafilter was needed, however. There is needed a bit
more on ultrafilters. A filter § on a set S is called mazimal if there is no filter
§ on S with §’ o F. It is easily seen that any ultrafilter { is maximal: if there is
D esl'~ 4l then S~ D was already in i, so @ = Dn (S~ D) € il'; a contradiction.

The converse also holds, suppose a filter § on S is not an ultrafilter, so there
is a D c S with both D and S\ D not in §. Then for any F € §, EnD # &, for
otherwise F c S\ D, so then S\ D €3F. It follows that the set G = Fu{D} has
the finite intersection property. By lemma A.1.2, there is a filter §' 2 G > §.

So an ultrafilter is the same thing as a maximal filter. Therefore, the follow-
ing lemma can be proven using Zorn’s lemma:
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Lemma A.1.3. Any filter § on a set S can be extended to an ultrafilter Lsup§.

Proof. Define the set P ={F c &(S): F a filter with F' 2 §}, partially ordered
by inclusion ¢. For C a chain in P, notice that JC is a filter on S, and UC
is an upper bound for any filter in C. So any chain in P has an upper bound,
then by Zorn’s lemma P has a maximal element £{. This is then an ultrafilter
on S containing §. O

For completeness, I state the following corollary, which is precisely what is
used in theorem 4.2.8.

Corollary A.1.4. If a family of sets F ¢ P(S) has the finite intersection
property, then there exists an ultrafilter L on S such that F c Ll.

A.1.1 Ultraproducts

An important application of ultrafilters is giving a rather easy proof of the
existence of a nonstandard embedding (¥ (Xy), ¥ (Yo), *), and even giving an
elegant proof of the upwards Lowenheim-Skolem theorem. What is used in both
cases is an ultraproduct of certain models M;.

For A; a family of sets indexed by I, and 4 an ultrafilter on I, the ultraproduct
of the A; with respect to U is defined as the equivalence classes of all sequences
¢ with ¢; € A; under Y. That is, ¢ =y ¥ <= {i:; = ¢;} € Y. The ultraproduct
is denoted as follows:

H A; ={[¢]u : ¢ a sequence with ¢; € A; for each i € I'}
1

From a family of models M; of a certain language L, a model M can be con-
structed as M =[] M,;. Relations, functions and constants are defined “mod-
ulo” the ultrafilter:

(i) For a relation symbol R:
RM(1,...,¢n) <= {i: RM(¢1(i), ..., dn(i))} €Ll
(ii) For a function symbol F,

FM(r,.o0n) = [im FMi(¢1(), ..., dn(D))]u

(iii) For a constant symbol c:

M

M =[iw M)

8«

Of course it should be checked that this is well-defined (it should not depend
on the choice of representatives ¢1,...,¢, for example). It is the case, but I
don’t go into much detail here.

The following theorem can be proven in a way similar to the proof of theorem
3.4.7.

Theorem A.1.5 (The Fundamental theorem of Ultraproducts). Let M = [Ty M;
be an ultraproduct of L—models M;. Then:
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(i) For any term t(z1,...,x,) and ¢1,..., ¢, € M, we have:
(D1, bn) = [ 1 (01(8), -, D0 (i) ]
(i) For any L-formula o(z1,...,z,) and ¢1,...,¢0, € M, we have:

M ':0(¢17"'7¢7L) — {ZMZ F J(¢1(Z)7a¢n(l))} eyl

(iii) For any L-sentence o:

MEeog < {i:M;=0}ell

The proof can be found in [3].

If M; = M for all i, then [y M is called the ultrapower of M with respect
to 4. On page 23 it is shown that the set of numerosities .4 is an ultrapower
of N.

A.2 Foundation of proper classes within ZFC

In this short section, I will describe a kind of workaround that justifies the
existence of proper classes and the structures I assumed in defining for example
7%, where T is a proper class. Most of this section is adopted from [4].

In the metalanguage of ZFC (so talking about statements in ZFC), a class
basically represents a formula. For ¢(z) a formula that says: x has property v,
one can think of {z :¢)(z)} as the class of all (sets) z with property 1, without
quantifying over a set. The class {x : x is an ordinal } is a proper class defined
this way. In this framework, it is not clear what ZZ is supposed to be.

It is certainly possible to go beyond ZFC to solve this problem to a certain
extend, there is however a more or less satisfying solution that can be formulated
within ZFC. To state it, a notion of set theory called the cumulative hierarchy
of sets is needed.

This notion involves the axiom of regularity, or foundation of ZFC. It says
that any nonempty set S has a e-minimal element:

VS:S+z—->3(xeS):Snx=02

It is an axiom that does not interfere with the other axioms. Basically all
mathematics can be founded in ZFC without this axiom. It solves some issues
though, for instance that a set cannot contain itself, there are no chains zy € 1 €
-+ € g, and more of this kind. More importantly, it is used for constructing
models of set theory, and talking about ZFC in a metalanguage, and that is
precisely the goal here.

For S a set, define the transitive closure of S as TC(S) = N{T > S :
T transitive }. Note that for any transitive set T, UT € T. So if one lets
So =8, Sps1 = USy, it follows TC(S) = U,, S, (this gives also the existence
of TC(S)). The following lemma might already hint to the meta-languistic
implications of the axiom of foundation.

Lemma A.2.1. Any class of sets C' has a e-minimal element.
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Proof. Pick X e C arbitrary. If X nC = @&, then we're done. Otherwise, let
T=TC(XnC) (note XnCis aset). Then Y =T nC has a e-minimal element
y by the axiom of foundation, so y nY = @. Then yn C = @, for otherwise, any
zeynC implies z € T (T is transitive), so z € TnC which is a contradiction. [

The cumulative hierarchy of sets is an indexed family V,,, where « is an
ordinal, defined as follows:

Vo= ®§Va+1 = f@(va)
Va =Ug<a Vg if a is a limit ordinal

Notice that each V,, is transitive, a < 8 implies V, c V3, and o ¢ V,. The
following proposition shows even more of the remarkable properties of the axiom
of foundation.

Proposition A.2.2. For every set x there is an « such that x € V.

Proof. Let C be the class of sets for which such a does not exist, and assume
C # @. Then there is a least element = of C, by lemma A.2.1. So, for any
y €x, yeV,, for some a. Therefore {a, : y € x} is a set of ordinals. Let
v =sup{ay 1y € x }. Then for any y, Vo, c V,. Hence z c V,, which implies
x € V441, a contradiction. So C = @, which completes the proof. O

This proposition shows that V, is indeed a cumulative hierarchy of sets. In
fact Upeora Vo can be considered the class of all sets. For each set x, the rank
of z is the least ordinal « such that z c V, (so z € Vyyiq).

An interesting result is obtained by assuming a strongly inaccessible cardinal,
which will be defined first.

Definition A.2.3. A cardinal k is called strongly inaccessible if:
(i) & is uncountable

(ii) k is reqular (see page 12)

(iti) Kk is a strong limit, that is, if pu < K, then 2" < K.

Notice ®¢ only fails for property (i). Strongly inaccessible cardinals cannot
be obtained from smaller cardinals by ordinary set theoretic operations such
as taking powerset, multiplication and addition. It cannot be shown that the
existence of strongly inaccessible cardinals is consistent with ZFC . However,
there is the following result:

Proposition A.2.4. For k a strongly inaccessible cardinal, Vi, is a model of
ZFC. Furthermore:

« 18 an ordinal < « 1s an ordinal in V,
a s a (regular) cardinal <= « is a (regular) cardinal in V,

Stating a proof would go beyond the scope of this text, but it can be found
in [4] as well.

So what can be done to solve the issue stated in the beginning of this section
is assuming a “meta-model” of ZFC (consisting of the cumulative hierarchy),

1See [4], “Inaccessibility of Inaccessible Cardinals” in chapter 12
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in which a strongly inaccessible cardinal x exists. That provides us with a
“smaller” model V,;, where all set theory that is done here (on ordinals, cardinals
and numerosities) can be done. However, in the meta-model, the defined classes
can be treated as sets, so the class of labelled sets .Z, or the class of ordinals
Ord are just subsets of V.. Also Z can be defined within ZFC in that way,
while all notions of ordinals and cardinals correspond in the two models.

In short, the assumption of a strongly inaccessible cardinal is a proper foun-
dation for all classes and class-rings that are defined here. The reader might
find this a dissatisfying solution. However, belief in the existence of strongly
inaccessible cardinals is widely shared among present-day set theorists. There
are many theorems in mathematics that rely on such assumptions.
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